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Gravitational Waves



What Is Gravitational Wave?

m|

<|

Gravitational waves are 'ripples' in space-time caused by some
of the most violent and energetic processes in the Universe

2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves ‘ 5



Gravitational Waves

* Linearized Einstein Equation
*Guv =My + Ay, || K 1

8nG
Gy =— T
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*N*0,0phy + O(h?) = ——= T, 0*hy, = 0

* Wave equation
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Binary orbit in Newtonian Theory

Orbital motion does not change space-time

Credit: Carl Rodriguez
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General Relativity
Mass, Energy ~ curved space-time

Credit: Carl Rodriguez
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Change in space-time caused by binary motion

Credit: Carl Rodriguez

2021 Summer School on Numerical Relativity and Gravi



Degrees of Freedom
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Symmetric 2" rank tensor General coordinate Gauge field selection freedom

10 degrees of freedom transformation gauge Spatial and traceless

8l Wy B4 ZH k= BHelkax® | |a = 0(4 condition)
- 7T X xt+ <& a
ap ct ap Lorentz gauge condition 6 — 4 = 2 degrees of freedom

d,h*? = 0 (4 conditions)
10 — 4 = 6 degrees of freedom
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GWs and lines of force
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GW Sources

Modelled Unmodelled

Compact Binary Coalescence CBC, Supernovae, GRB, Pulsar glitch

. .h . . ‘l e
B/ B
> r.

Transient

Continuous waves Early Universe, Astronomical origin

Continuous

Pulsar rotation, Binary
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Characteristic Strain

Detector Bands
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background IPTA
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Main GW sources:
Compact Binary Coalescences (CBCs)

mi+m2 ~ ms + GWSs

-08-1



Gravitational Wave

1 8mG
Guv — Kuy _EguvR = T4 Tuv
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S 26 jrT (t _ r)

—ctr’y
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Plane Wave Solution



Solution In vacuum

. i hm, = (), Bﬂhw =0
* hyy = Apy Cos(kax“ — Cb(u)(V))'naﬁkakﬁ =0
e x% ={ct,x,y,z}, k* = {%,kx, kY, k%

Y

c k,x% = —wt + l_é-)?,w=2nf=c‘l_{)

. X + ¢(,u)(v)) ) h'uvkv = () This equations reduce 10 to 6

'

. Euv = A,y cos (a)t —
« £%(t,x) = B* cos (wt —k-Z+ qb(a))

ox’.u:x.u_|_€”



Transverse Traceless coordinate

*h, UY=0n*"h,,=0h,k"Y=0,h, =h,, TTgauge
u u u u u

\ V4

Choose coordinate to beWU* = ddi: = (1,0,0,0) m

Rotate coordinate to be k* = (% 0,0, %) NH
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Transverse Traceless coordinate

* hy = hyy = —hyy, hy = hyp = hypy

0 0 0 0 0 z
CRIT(tR) = 0 hy(t,%) he@t®) 0] _ 0 hy (t_E) hx(
Z 0 hye(t,®) —hi(t,3) O 0 hye(t-2) —n(
0 0 0 0 ¢
_ _ 0 0
« hy(t,x) = Ay cos|w (t — E) + ¢,
: : 00 0 0
. X) = _z 01 0 0
hy(t,x) = Ay cos _a) (t C) + qu_ ef, = <0 0 1 0l
« RIT(E5) = by (6, D)y + h(t, e 00 0 0
1
* Ryoxo = _R%yo = —Rxoxz = RjT/gyz = Rizxz = _R3T’§3’Z - —56§h+

TT _ pTT _ pTT _ pTT _ 1,2
RxOyO — _RxOyz — _RyOxz — szyz — _an hx

S = O O
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Observer’s proper frame

o ds? = —c%dt? + §;;dx'd%7 + O(%?%)
« 2% (%) = (ct,0,0,0) _
» 22D = (ct, £1(5), 22(), 23(D)) X

(B =25 - 25D = ( 21(0), 22(6), 3(D))

° —_— Y a

—7 = —C°R 'By(suﬁf u®,u% = —=(1,0,0,0)
.dzf'_ ZR\i sj ZR\ o O ~3

di-z —CR gjsX° = —CTRygjoX’ + (x°)
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Observer’s proper frame

2 51 92hpTT
o a~x = _1 a lzj "J "l(t) — k‘é’d_ — () Initial condition
dt 2

X)) =z, +0)

2 5l 2pTT
.dx _1ahl_] /\l

— = = X
atz = 2 o9tz 70

o "i(f) — (Sij + = hTT(t)) Solution in linear order
i?(f) = :Al’}() + ; (h+( )Q?() + hx( )y0> (1.83&)
(t) = go + ;(hx( g — he (i )%), (1.83b)

(1) = 2. (1.83c¢)



Theoretical Waveforms

* Known only for the very restricted cases, CBC inspiral
» Newtonian Chirp signal from binary system

5

GM, 1+cos?t {(c3(t.—t)\ 4 c3(tc—t)\8
*h,(t) = I ( s ) coS 2<pc—2( SGH. )

GM, e\ * | 3te-0)\*®
*h,(t) = — = COSL(C SG. ) sin |2¢, — 2 (C SGM. )




Newtonlian IChilrp Sliomlal

1

0.5 |

f 3 h
. Ao NV
Fa A i, A Al IJl‘:l [ i ! ' I: ﬂ !
\ \ ' \ \ | 1 [ L il Lot
|| i :’ .I. | 1 _l I' .:. I| .I Il | I| : i |I |I : I I' :
1 |I I| i; Ii |I i II I| |I I. I ; | i :I .I \ |
0 H \ | | I ! | HE B | [Yh ) ARRE
I il IR RN ER NN ' TERRTE ]
i i i T | ! i) ik il A
F ] W | - i I | [l H ! Hie
] ! ] I I H | | N
/ \J / ’ / f ; | !
LY s \ W LY 1) LY \J -..-"l '.I_.'I , ;, !|
0.5 F
1 1 1 1 1 1 |
7500 8000 8500 9000 9500

nal Waves

10000

6000

6500

7000

23



Post- Newtonian waveform
. y —1/2
A(f) = o ZZV“" (kﬁ)

n=0 k=1
< (Ofi;n) ol (27 ft(F)—k U (F) —m/4) + ﬁx(cn) ei(wat(F)—(kqx(F)——;r/Q)—w/zl)) |

M v _z ST
= — > ) v M (1+8&Vi+ SV, +S1 V) +S5V)
Dy 22V "\ gy M (L SV 4 Sa Vi SV 4 85 1)

><(Ct,}(;"z) +€m/z (n))ez’(k\lfspA(f/k)—w/d).

M? /5 n—I (n
— D, v TY V 2 C( ) el (kWspa(f/k)—m/4) (4.72)
n=0 k=1

;z(f) _ Af—7/6€z'w(f)’
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Geometry of
Detector



Wave propagation coordinate
]

ds? = —c?dt? + (&;; + hyj)dx‘dx/
1 92 k-7
—__+V2)hij =O, hl] (t——r)

._0Oh right ascen

c? ot? o

k =1(0,0,1),h;; = hyey; + hyey;

2 _° dec ] a‘scens‘°“ | "“
1 0 O 0 1 0 §
&
erij =(0 =1 0),ex;;=(1 0 0] "
celestial pole K
0 0 0 0 0 0

e+ij = 'El'gj — mimj,exij = £l£] —+ mimj

-

&~

¢, m, k : source's natural polarization
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Direction of source

icosy + jsiny
= —ismt/J + jcosy
*E4ij = iiij _fijj»gxij — iiij +jijf
*€1ij = €4 COS2Y + £y;; Sin 2

¢ exij - _€+ij Sin 21/) + gxij COS 21/)

Declination

Right Ascension




Interaction with a Detector

ds® = —c?dt* + (1 + hy1)(dx1)? ><
|dx1| y

dt =0 dxt| & (14 2hyy )

c*

1 2L 2L4
T, = (1 +-h )—0 ==
1 2 11 c c
] 1 ligh
h’ll — ulhiju] test mass & tsfﬂf&g& arm
1 test mass
L, =L, (1 + —habuaub) %
2 :“ beam
1 splitter
L, =1L, (1 + —habv“vb)
2 Detector tensor
h = Ly —Ly —h , ulyb—paypyb — A bdab power recycling mirror
a a
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28



Antenna response function

*h= habdab = (hyepqp + hxexab)dab = hFy + hyFyx
e F. =d%®e, , = d%e,,, cos 2 + d%Pe, 4, sin 29
e F, =d®e,,, = —d®e, p sin 2y + d® ey 4, cOS 2



Inclination angle

1+ cos?y

cos[ (1) + ¢dp)
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M. Purrer, etc.,, https://arxiv.org/abs/1409.2349
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https://arxiv.org/abs/1409.2349

Gravitational Waves
Detections



Brief history of GW Observatlons

Cumulative Count of Events
01=3,02 303 =39, Total =50

1915 General Relativity “| 01 02 O3a
1960s Webber's bar detector
1970s pulsar-neutron star discovery ‘%jj
ZH—#J
O1: 2015/09/12~2016/01/19 T

3 BBH direct detection(GW150914, GW151012 GW151226)

02: 2016/11/30~2017/08/25

50 401 02

0O3a

0

1 T T T
500 1000 1500 2000
Effective BNS VT [Mpc? kyr]

PRX11, 021053(2021)

7 BBH(GW170104, GW170608, GW170729, GW170809, GW170814, GW170818, GW170823) and

1 BNS(GW170817)

O3a : 2019/04/01~2019/09/30
O3b : 2019/11/01~2020/03/27(COVID-19 shutdown)

Around 40 events

List of gravitational wave observations - Wikipedia
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2015 2016 2017 2018 2019 2020 2021

i i i [ | i i
-f--P-q--?--P-.l--f»

LIGO [m—— S V' LIGO & Virgo NN
B Virgo
O1 02 O3a 03b
~50 days ~120+15d 82 days
with V
GWTC-1 GWTC-2
GW150914 i GW170817 i G2101209
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160

80

40
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10

Masses Iin the Stellar Graveyard

in Solar Masses

EM Neutron Stars

LIGO-Virgo Neutron Stars

GWTC-2 plot v1.0
LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestern

LIGO Lab | Caltech



https://www.ligo.caltech.edu/WA/image/ligo20210629b

6w150914 ||| ,.”,’\
NI

LVT151012 v

GW151226

GW170104

GW170814 MN%N\/\W

GW170817

1
time observable (seconds)

LIGO/University of Oregon/Ben Farr

GW signal
GWOSC (gw-openscience.org)



https://www.gw-openscience.org/audiogwtc1/

18 months Data Release — Early = Mid = |_ate - Design
60-100 120-170 190
Mpc Mpc
25-30 65-85 65-115 125
Mpc Mpc Mpc Mpc
Virgo oz o 2
25-40 40-140 140
Mpc Mpc Mpc
I | | | | | | | |
2015 2016 2017 2018 2019 2020 2021 2022 2023

2021-08-18
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How Data Obtained



Detector operation

i « Sampling rate
. » 16384HzLIGO
- « 20kHz:Virgo
symmetic Port  +_zo- » 16384Hz:KAGRA

| " Hcp ﬂ] [HH » Valid range

s
. > ERM ¢ 1OHZ~5 (HZ . LlGO

Anti-symmetric Port e 10Hz~8kHz : VirgO

 TOHz~5kHz : KAGRA

Data Acquisition and Controls
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Generation of h(t) e+ - ad.)

1 ALtroe = C7 dprr + Adppr — X7
}?(f') — [C_l * de&“?‘(f) ‘|_-/4-*dct-r‘£(f)] '----------fte-e ------- 6_7"-7”1 f-t -----------
L. : MI‘ES : : : :
LA Sensing Vg |
AL : 1 Yerr :
f ree | ¢ ol C : >0 : »|1/((model) |
— 5 ! l
h(E) = —7= o, [ :
|
o Digital[ ] 1 | @ :
: Filter : | )
I I
ALgee : Actuation " d ' :
! v Cetrl ~ |
Keep interferometer at “operation” point : A ‘—<|< R Almodeh :
No difference appear dark point : | : | :
|
| 1 |
: _Mctﬂ I | :

Realtime interferometer control Calibration pipeline



Data Analysis



Data Analysis

« GW signal is very weak ~1074% — 10~4*
e Matched filter for known waveform
* Detector characterization



Data Analysis

Parameter Estimation

Detector Characterization \‘, Search

« Noise identification o Matched filter

» Better accuracy

e Distribution

\

 Detector performance « Masses, Distance, Sky location

N\ \
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Data Analysis Pipeline

L 2 v
Trigger generation  ® Significance
\
Data quality J
Source characterization = Parameters

Credit V. Raymond
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Data flow

LIGO/Virgo O3 Public Alerts

Detection candidates: 56

March 16, 2020 Circulars 1 per 446.44
5200316bj MassGap (>99%)
21:57:56 UTC Notices | years
1 per
March 11, 2020 [¢
5200311bg BBH (>99%) 3.5448e+17
11:58:53 UTC otic )
/OF )
my & my = m; by definition <—1
.
‘<
7’
rd
4
/,
<
s
ra
’
v
,
s
ra
’,
rd
’
’
,’
r BBH
7’
4
b
£
5M o
o) e
”
g MassGap
rd
’l
3 Mg A e
v
/£
+BNS NSBH
rd
v
e
.
: . >
1My 3Mg 5Mg my

Interferometers

[

SEARCHES
Template Make Triggers
Matching (with False Alarm Rates,
- Signal to Noise Ratio)
Whitening Identified Signals

T g

Detector

Calibration

& @]
Environmental
Sensors o

Auxiliary O]
o

A

h(t) | chararacterization
&
“ Data Quality

Event
Validation

Instrument Performance
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Public Alert

PARAMETER
ESTIMATION

Whitening

[

!

Bayesian
Analysis

AN

=
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Gravitational Wave Open Science Center gw-openscience.org

Amplitude Spectral Density (ASD)

Data Downloads
Online courses
Tutorials
Documentation

2021-08-18

The ASD can be obtained by taking the square root of the PSD. This is done to give units that can be more easily compared
with the time domain data or FFT. More information about the LIGO ASD can be seen on the Instrumental Lines page.

Strain [/ Hz'*

10 i3 M

10 13
1020

10

1022

10+ i
10 10% 10°

Freq (Hz)

Show the code

plt

Pxx, fregs = mlab.psd(strain seq, Fs=fs, NFFT=1*fs)
plt.
plt.
plt.
plt.
.ylabel | 'Strain / Hz3"{1/215")

loglog(freqgs, np.sgri(Pxx))
axis([10, 2000, le-23, le-18])
grid{'on')

xlabel ( 'Freq (Hz)')
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Finding signals In noisy data

Raw data

x10°1°
1.57

1.0+

Optimal Filter

0.54

—-0.5
=1.0-
=1.5+ )
0.36 0.39 0.42 0.45 0.48 0.51 0.54 0.57 0.6 0.63
Time [seconds] from 2019-05-21 07:43:59 UTC (1242459857.0)

-4

T T T T = 1 T T T T T T a1 HE | B | B T T T T T T = R
1,242,459,857.30 1,242,459,857 .34 1,242,459,857.38 1,242,459 ,857.42 1,242,459 857 46 1,242,459,857.50
GPS Time (s)
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Linear Optimal Filter
h(t) d(t) = h(t) + n(t)

) =y Iy <G

n(t)

e(t) = H(d(t)) — h(t)

n [ ] | ] h(f)
2
minimize & K(f) « S ()
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Matched Filter

Correlate data with expected signal  (Here, plotting absolute value)  G1400343

0.5F — Data
— Time-shifted template

00)

C(t) = f dt’ S(t') h(t’ — t) oL My ;jr;.ya.';l‘k'hwu u’u‘l, ”mh‘1lll”‘ i nﬂrlni"v '

[ =/ 1 .

150 200 250

_ Data 0 50 100
Time Time
offset
Template with time offset sk I I " [— Conrelation vs. time shiftl)-
— 1
§ h . 5
C(t) — 4 f (f) (f) eanftdf §2- \
Sn(f) 1
0
00 5I0 1 (IJO 1 éO 260 250
Time offset
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Time Series Data
Nyquist Frequency



le—-15

2-0 T T T T T T T
x10-*8 )
1.00 1
075 1
0.50 4
0.25 1
0.00 -
025
050
075 1
-1.00 5
0 1 2 3 4 ] 6 7 8 9 1]
Time [seconds] from 2019-04-12 05:30:39 UTC (1239082257.0) b
x10- u
8-
6
4 |
2-
0
24
41
e
-8 +— e e e T T e e IR
0 1 2 3 E 5 6 7 8 9
Time [seconds] from 2019-04-12 05:30:39 UTC (1239082257.0)
_2 0 1 1 1 1 1 1 1

Time since GPS 815411200.0

Odw4, GW190412

0 1 2 3 4 5 6 7 8 3 . . -
Time [seconds] from 2019-04-12 05:30:39 UTC (1239082257.0) immer School on Numerical Relathlty and Gravitational Waves 50



LIGO Data

* Discretely sampled time-series data
« Sampling rate (fs)
* h(t) — calibrated strain

« ALSO: hundreds of “auxiliary” channels ofets
* Recorded at 16384 Hz sample rate
* ~300 MB per hour

e Stored in .gwf “frame” files
e Also HDF5Hierarchical Data Format version 5) 05

[

0.5

Strain

=1.0}

-1.5F

-2.0

0 2 4 6 8 10 12 14 16
Time since GPS 815411200.0
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Discrete Time Samples

2021-08-18

2.0

1.5

1.0

0.5
0.0
-0.5}
-1.0}

-1.5¢

e o fs=16384Hz || per cycle?

81.87 times

-2.0
0.000

0.005

0.010 0.015 0.020 0.025 0.030 0.035 0.040
Time (s)

2021 Summer School on Numerical Relativity and Gravitational Waves

— 200.12 Hz Signal || How many samples
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Discrete Time Samples

2.D T T T T T T T
— 200.12 Hz Signal
e o fs =1024 Hz i

How many samples
per cycle?

1.5

5.12 times
1.0

0.5 | o | | i
0.0p

-0.5} | , | | i

-1.5¢ -

_zu I I I I I I I
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
Time (s)
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Discrete Time Samples

2.0 . . . . . . .
— 200.12 Hz Signal|| How many samples
15 o o fs=256Hz | per cycle?
10l | 1.28 times
’ Aliasing occurs
0.5 | |
0.0
0.5} \ |
~1.0} \ / \ ]
_15) |

_zu I I I I I I I
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
Time (s)
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Nyquist Frequency

* Nyquist Frequency = f, / 2
* Discretely sampled data with sampling rate fs can represent a

continuous signal which only has frequency content below the
Nyquist frequency

 Data can only contain frequency content below the Nyquist
frequency

« Higher frequency signals will be lost or “aliased” to lower
frequencies AK) | true spectrumm

aliased spectrum
+ N
l' \'\
L3
,T"“‘“ahasmg ‘e
- - ""E/i__ _...-l-""li * "'h.-_
C

0 a Tk

o




Noise is random, but its properties

X(1)

X(1)

2021-08-18

5 T T T T
- - .- - ' . P :- '.- . -" . . “. i
o . - : d IR TN “n T dE
. - - “a 5 % .‘-‘;. 4 .‘ ." .',r..r bl
-5 L 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04 0.45 0.5
5 T T T T T
- ¥ -
. . em i,"'\"."' . s o
. . '--: ":. : . s
-5 L I L 1 l I 1 I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 045 0.5
Time (s)

Slide from Peter Shawhan
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Possible properties of noise

Stationary : statistical properties are independent of time
Ergodic process: time averages are equivalent to ensemble averages

Gaussian : A random variable follows Gaussian distribution
For a single random variable, N 1 [ 1 (x — 114;-)2]
——€exXpP | —=

(x) = ‘ - ‘
) = 5s 2 o2

More generally, a set of random variables (e.g. a time series) is Gaussian
if the joint probability distribution is governed by a covariance matrix

C’Tf_j = <;1‘,'?-,;l?j> — <;1??j><;l.‘j>

such that

| 1
})(_"-171*1)2! ***** A ‘{ff\r) — 7 ex . [ Z ('}U ,‘ulf)( :ul}):l

(2m)N/2\/det C,

White : Signal power is uniformly distributed over frequency

—> Data samples are uncorrelated

2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves
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Work In
Frequency Domain



How would you describe this function?

—5 F

Position (mm)

0.000 I}IIIII]E I}IEIIIEI I}II;15 0.020
Time (s)
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20

Lo 3*sin(2*pi*120*t)
D)

X 7|
s . Noise in the time domain
e Time (s) | |
S{0oon D005 0010 D015 D020 i

*ci *~i* * 4| ﬂ I’\

S 15 | 2*sin(2*pi*350*t) 4 i f' ||'\ A
10} f Sl [ | | [
0s ]) '.II fﬁ'.l I'Illlhllllll ,lﬁ'l II.'AWII Ilfr\ll ." | III| \/\ I|| Iﬁ III \Aﬁufl III Ir

| | I| I| III | |II | : ol | | | -

+ 7 \I / \'| / \Il, I|II III I|'II \ IIIl/ I\ / i | \J/f(ﬂl\ Il'l/l ||I II|| \ /“'I L\ I|| \ll;
05} | | / | | 1 | | | | |
ol \/ \/ \J \/ IUJI '\// 4 J \i ﬂu'll v IIIH,flll ]
_f:&?ﬂ- - - | S I}I.EIIII-DU I}.IIIID5 I}.Clll 0] I]I_C; 15 I]I_CI- 20
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Time Domain Frequency Domain

o I"| | | ' 60000 |
|
T | | ||,\| f | 50000 |
|| || |I || || f lll
| |I III }(ﬁ lI II I‘f\. ||'| I| 1 40000 |
Y Vo
O} A /JI |I Illl"n,l II| \ |I N anana |
2 \IJ'II I| I'II l'u |I \ ,rrJ L\ I|| Ill'll; 20000
\ | II I'.--"N'. II ¥ | | -
4_/' l\ .-'I '\." V \ ,'l . 10000 |
” v
uﬁn-un 0.005 0010 0015 0 t;zn DD 200 200 00 800 1000
Time (s) Frequency (Hz)
h(t) — Position as a function of time — H(f) — Amplitude and phase as a function of frequency
h(t) = 3 * sin(2*pi*120%t) + [H(120 Hz)| = 3
2 * sin(2*pi*350*t) + |H(350 HZ | =2
1.5* sin(2*pi*720*t) |H(720 Hz) | = 1.5 '
H(f) = 0 otherwise

s Foyrier Transform )
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Key Concept

Any function can be represented as a sum of sine waves.
h(t) = A; sin (w,t + @) + A, sin (Wt + @) ...

In the "frequency domain”, we are plotting the
amplitudes (or phases) of each of these sine
waves.

H(w,)| = A,



Fourier Transform is used to represent
data in the frequency domain

Fourier transform

(f) = / dt z(t)e~ 27t
= / df a2ﬂ'ft

‘T(f )‘ ~ can be interpreted as energy spectral density

Efficient way to calculate complete discrete Fourier Transform:
Fast Fourier Transform (FFT)



Power Spectral Density

Parseval’s theorem:

[ ata@P = [ drianP

— Total energy in the data can be calculated in either time domain or
frequency domain

~( £\12 ) ,
|~1~ (f ) | can be interpreted as energy spectral density

When noise (or signal) has infinite extent in time domain,
can still define the power spectral density (PSD)

lim ‘1 7(f) ‘ (n(fIn*(f ) =6(f — f)S.(f)

T'—o0

Watch out for one-sided vs. two-sided PSDs

Slide from P. Shawhan
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Estimating the PSD

Simplest approach: FFT the data, calculate square of magnitude of
each frequency component — this is a periodogram

For stationary noise, one can show that the frequency components are
statistically independent

This estimate is unbiased (has the correct mean), but has a large
variance — so average several periodograms

Alternately, smooth periodogram; give up frequency resolution either way

Generally apply a “window” to the data to avoid spectral leakage
Leakage arises from the assumption that the data is periodic!
Tapered window forces data to go to zero at ends of time interval

Welch’s method of estimating a PSD averages periodograms
calculated from windowed data

Slide from P. Shawhan



PSD Estimation

* Welch average: XLALREAL8AverageSpectrumWelch()

« Median selection: XLALREAL8AverageSpectrumMedian()

amplitude

°o o o
0 ©

°o o o
(6 B - )]

Tukey window (a = 0.5)

°o o o
N W

o
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5, ASD of some LIGO noise

D))
&N .
/ Spectral lines

10-19 /

1020 - 1

1021 -

-

[Hz~1]

1 0_22 3 ‘

10728 -

100 g
Frequency [HZ]

1024
1
DLarge range!
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Data Analysis

A1) FET, a(f Whiten, d(f) = d(f)  irrT 4 ()

Tukey window (a = 0.5)

[a—
=
|
[
[y
-‘:____.-_
—————

Strain noise [1 /v/Hz]
S

TNy
g

samples 10 100 1000
Frequency [Hz]
2021-08-18
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WI n d OW a n d pOWG I |ea ka g e Window function - Wikipedia

Spectral leakage caused by “windowing”

LAAAAAAAAAANA i
VIVTTVTVUTTY l

Xakage ' cycle%‘ 13% cycles

unwindowed no leakage

| — T T T T T T T T T T T T T 1
30 | | P = ]
©
__8 20 — continuous-time Fourier transforms —
§ 10 _ —
0 mmmmmﬂm A DAS ek L

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
« frequency —

T T T T T T T T T T T T T T

4—. discrete Fourier transform

[\ /\ A A f\ f\ f\ f\ f\ [\ [\ [\ e discrete-time Fourier transform ——p» (DFT)

TRVAVAVRVAVAVATATATATA

discrete-time (sampled) o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

I I I I I I I I

, A scalloplng
] L‘f‘”ﬁx,’ fi '&/ﬁ N '.r'\,i i ; \M‘_/ I?

IJH ‘4' U [\
/‘\/.\/.\/.\/ \ffll ] 1\/‘\\/.\/'\#\/?\

discrete—time(sampled) 6 7 9 10 11 12 13 14 15 16 17 18 19 20 21 22
2( DFT bins

- b
o b
o by
-
o b
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https://en.wikipedia.org/wiki/Window_function

x 10719

6 - Hanford Data
S\0
-3+
-6
x 10719
6 - Windowed .
« GW150914 .| |
= |
r 1 27n al ) = (Y \ )
—— — — = ..:-: L o
wln| = 5 [l CDS(HL)], 0<n<5 _ AN ]
r ol N
= L<n< 2 6 |
wn| =1, > <N < 5
[ N ® ["Whitened
w|N — n| = w(n|, 0<n<< | one
i 3
Tukey window (a = 0.5) Fourier transform = 5
=
o T I T q =
-10 |- — -3
-20 |- -
-30 |- - -6
0 o ] T I T T I T T
g :Zg: ] 6 |- Bandpassed |
g -70 |- - - |
T -80 [ - oy
-90 |- 4 X 0
-100 ©
-110 -3 - ]
=120
-130 6 .
-40 -20 0 20 40 L L 1 ! ! ! !
samples bins -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

t (sec)
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Spectrun
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Sn(f)

1e-41 :
1e-42
1e-43
1e-44 {
1e-45
1e-46
1e-47

1e-48

No window ——
Tukey window -

Welch average )
M2 —— ]
,'_ | | |
1
H \ , |'||‘ “
o L I
I \I iy
wr~ -* :'«w f
32 64 128 256
f (Hz)
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h(t) graph

KAGALI h(t) data
Window function : Tukey with 5% padding

Strain data : L-L1_LOSC_16_V1-1126256640-4096.gwf

Channel : L1:GWOSC-16KHZ_R1_STRAIN
Trigger time : 1126259462
Segment length : 16s

2021-08-18

g%l n-l‘El

_lﬂﬂ-lﬂ |

-1.5x10718

-7x1p718

-2.5x10718

| | | | | | T
h(t) ——
windowed h(t) ——
I ﬂ lu [ | il
| | | | | | |
0 2 4 b 8 10 12 14
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LALSuite :
KAGALI Tukey — ]

Spectrum ot

LALSuite and KAGALI h(f) comparison B
Window function : Tukey with 0.4 sec padding e R | .
- [

Strain data : L-L1_LOSC_16_V1-1126256640-4096.gwf
Channel : L1:GWOSC-16KHZ_R1_STRAIN -
Trigger time : 1126259462 11072
Segment length : 16s F

1x10722 |
110723 |
1102 |

110727 | .

lxl[]_zﬁllll 1 1 MR S R | 1 1 T R R R | 1 1 'R B | 1 1 ool
0.1 1 10 100 1000
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Nowindow  » |-
Tukey window "

Phase S

Phase

50 100 150 200 250 300 350 400
f(Hz)
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LALInferenceReadData.c

* LALInferenceReadData()

- Read data file or generate fake data

« Read PSD data file or generate from strain data
« Resample as required sample rate

« Windowing the time data

« Generate frequency domain data using FFT

« Generate whiten data in frequency and time

¥

S
—
~+
S’

|

p—

T~

®
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Timeshift = timedelay

Time relations
SegmentLength — TRIG_MARGIN

« --trigtime : This option specifies the trigger time at geocenter,
this time 1s same as injection time in injection table

* ifo->epoch : this time is segment start time TRIG_MARGIN(=2)

—

<
<

Segment start time(ifo->epoch)
t=0 point for time series data Trigger time
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Timedelay

2021-08-18

Geocenter
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CBC Signal



CBC: Compact Binary Coalescence

..
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CBC Waveform Merger and

ringdown

Inspiral

2021-08-18

GW Frequency = 2X Orbital Frequency
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Frequency domain

Lots of signal energy at
low frequencies

Less signal energy at
high frequencies

"Cut-off” around the
merger frequency

2021-08-18

10—13_

[

9
H
o
1

Signal Energy

1020

10_21 ! ! ! ! U | ! T T T T T T 1
102 103
Frequency (Hz)

2021 Summer School on Numerical Relativity and Gravitational Waves 81



Frequency [HZ]

2021-08-18

Spectrogram (Q-transform)

1000

500

100

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
0 a1 0z 03 04 05 08 v 04 LIk 1

Time [zeconds] from 1980-071-06 000004 UTC (4.0)
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How long is the waveform?

* Black holes orbit more millions (or billions) of years.
 But, LIGO only “sees” events for a few seconds or less. Why?



LIGO Noise Cartoon

Cartoon Version of LIGO noise

1021 -
: M controls
M shot
M thermal
I {otal

10'22 -

Strain / Hz/

1 0—23 - — /

-

1024 4 - . Coo ; ; , ,,,,IIM"':-—
10 100 1000
Frequency (Hz)
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LIGO Noise Cartoon

Cartoon Version of LIGO noise

1021,
: controls

shot

thermal

total

10‘22'_

Strain / Hz1/?

—

o
ro
[#%)
1

~
J High frequency noise

Uncertainty in number of
photons
10-24 —+— . — . — I""‘*-,_ . |
10 100 1000
Frequency (Hz)
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LIGO Noise Cartoon

Cartoon Version of LIGO noise

1021 -
: B controls
m shot
M thermal
m {otal

10‘22 -

_ Mid-frequencies
|~ Thermal noise L
10—=° -

ff
\_’/ High frequency noise

Uncertainty in number of
photons

10724 +— — -~ ]
10 100 1000
Frequency (Hz)
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LIGO Noise Cartoon

Cartoon Version of LIGO noise

1021 -
3 Low frequencies m controls
Controls noise, m shot
radiation pressure, and seismic m thermal
m total
-22 _
o 1022 -
N
T
S
£
o ' Mid-frequencies
5. . :
10 23-5 T~ Thermal noise /
J High frequency noise
Uncertainty in number of
: photons
1024 -+—— : : ———rr] : : Illllllh"“"-b, |
10 100 1000
Frequency (Hz)
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What frequency is LIGO most sensitive?

10—21] :

: B O3 data

i = Cartoon model
10—21 -
1022 - \ |
1023 - \\L | ‘ \ .JL:.A’

R LN | ""IMW\H

10 | | 1[I]U | | IIIH1IUIUU
Frequency [HZ]
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What frequency is LIGO most sensitive?

10—21] :
] M (O3 data
M Cartoon model
10—21 S
kd 10422 "The Bucket”
L, 3 ~100 - 300 Hz

1023; A | I |
S, | Lossaior
| |

1 0—24

10 | 1EIl[] | IIIIH1IUIUU
Frequency [HZ]
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You can see resonant frequencies!

1020 -
: m O3 data
#8 Cartoon model
1021
5 Beam splitter suspensions
300 Hz
S "
10722 - “Violin” modes
T - 500 Hz & 1000 Hz
23 _ . | ‘ JL&A’
R TS, e
10-24 | s s S i | e S i [
10 100 1000
Frequency [HZ]
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What happens at low frequencies?

10—20 :
; \ﬂ M O3 data
i m Signal

1021 -

) I
) e

10—24
10 100 1000

Frequenc l
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Time-frequency analysis and stationary

100
* Long-term i 1165067724 —
* Short-term: glitches kb
. 1165067852
* AC lines - 10% = 1165067916
T
= 10% 1165067980
B 1048
046 CQ@Q\ oall), = A
104
1048 | |
32 64 128 256 512
f (Hz)
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Stationarity test

 Continuous Wavelet transform(scalogram)

2.5

|
I |
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Average Power
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Wilson-Hilferty transfrom

 Transform Chi-square of many degree of freedom to standard

one (%)1/3 _ [1 - (%) (%)]
e

W) =




Wilson-Hilferty transform CbS 1186741733

p-value: 0.74

-100 -50 0 50 100

t (secs)
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f (Hz)

Wilson-Hilferty transtform
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Parameter Estimation



Bayesian Inference



Bayesian Method

* Question: "What is the distribution of parameters for the

given observed data?” m
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Experiment on Laboratory

* Question: "What is the distribution of parameters from data
taken with many identical experiments?”

O O ©)
;oO@ ©
O @
. _©
@Identlcal Experiments Data Process Parameters
G 19.7 fo™' (8 TeV) + 5.1 fb™' (7 TeV)
35 — l?_nfﬁ S“(S_+B) weighted sum
3 F ——— S+B fits (weighted sum)

----------

Eoa =11450
05 m,=124.70 + 0.34 GeV

S/(S+B) weighted events / GeV

200

-100 -

L. | | | | | 1
110 115 120 125 130 135 140 145 150

m,, (GeV)
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Classical vs. Bayesian Statistical Inference

Classical Inference

@elalile

19.7 " (8 TeV) + 5.1 fb™' (7 TeV)

S x10%
. & osf CMS S/(S+B) weighted sum
Standard Model of Elementary Particles S TpHew P
2] $ )
LD m':]"‘ L '“”““‘”"“'“‘,:;’:;"""m £ 3; —— 5+Bits (weighted sum)
l 1 " Q as5fp N, B companent
— @
=22 Mewis cimoem ) [=uicede ) [6 = 12497 Genier o
0|9 |9 || @ | H £
up charm top gluon higgs %
w w w o
@ |9 (9 || @ &
down strange bottom photon =
\ v (_n
“ostimeve | (aosmmene | (=timone | (Simoes |
- o L o
- @ |0 (9| @ |3
electron J muon J tau J Z boson ‘8 g
" \ J
O |o o 4 =t ¥ L Ll 1 Ll | Ll i
el vfw i v} i \5 . . 89 110 115 120 125 130 135 140 145 150
electron muon tau <O
E neutrino ' neutrino ] neutrino I W hoson [LE] mW (GEV)
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Classical vs. Bayesian Statistical Inference

380,000 yrs. Galaxies, Planets, etc.

Bayesian Inference

Fluctuations

o 1st Stars
about 400 million yrs.

A -
£ 0,{? 1 @ B Big Bang Expansion
s ) 13.7 billion years

Alm-M) (mag)

Distribution

Alm-M) (mag)

Empty (€2=0)
0,=0.27, Q,=0.73
__ “replenishing” gray Dust

0.0 05 1.0 15 20
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The Likelihood Function

 Data Likelihood represents a quantitative descrlptlon of our
measurlng process v/

C a | C u | a te Hanford, Washington (H1) Li‘vingston, Louisiéna (Ll)v
Probability _éié»:wa\w\/\wwwwwww

(= HA cbaarved (@hited. invertad)

Strain (10°%")

10}
Wl

05 -: ‘M, 'j
g NMJ T‘WVV\/W i

uuuuuuuuuuuuuuuu

’) Lo e i
Likelihood -~

2 256
?‘; 128 l
= 64

32

y (Hz)

0.35
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The I_l kel | hOOd Fu nCt|O [\ The probability of the data given the model

H

p((xi} 1M () = [ | pCxi|M(8))

i=1

2
1 _(xi_l“t)
X e 202
l \V2TTO

[T s ()
L N2mo 20

Likelihood is a function of x for given model

Likelihood is a function of model parameters for given data
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Essence of the Bayesian Idea

e Bayes' rule(theorem)

p(D|M) p(M)
p(D)

 Improved belief is the product of initial belief and the
probability that initial belief generate the observed data

p(DIM, 0, 1) p(M, 0|I)
p(DII)
p(M,0[I) = p(@|M, I) p(M|I)

p(M|D) = p(M, D) = p(M|D)p(D) = p(D|M)p(M)

p(M,0]D, I) =
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Summary of the Bayesian statistical

inference
1. Formulation of Likelihood p(D|M,I)

2. The choice of prior p(6|M,I)
3. Determination of posterior pdf p(M|D,I)

4. Maximum posteriori estimation(MAP)
posterior mean 6 = [ Op(0|D)d6

p(@|D) = fp(é‘D)dﬁ’), marginalization over all other parameters

5. Quantification of uncertainty in parameters
6. Hypothesis test about the model or parameters



Comparison of Classical and Bayesian

Classical Bayesian Note

p(D|M) p(D|M) same
Find maximum p(D|M) value Choose prior p(M)
Determine posterior p(M|D)
Determine confidence level Marginalize to determine value
Determine confidence level
Hypothesis test Hypothesis test same but different way
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Bayesian Priors

« How do we choose prior p(8|M, 1)
« Knowledge extracted from prior measurements
* Different measurement with a new data

 Informative priors : information based on the other measurement

- N am Posterior] ke ~
e Information e Data2

e Data1

e Datal

= e
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Parameter Estimation

« How probable the parameters for given observation

* Bayesian Inference[PrD.91.042003]
o _p0x) _ _ p(x[0)p(6)
PO =700 = Townp@as

* 9(0,x) = p(x10)(0) = $(0]|x)p(x)

* 6 : unobservable model parameters

* x : Observable data

« 9(0,x) : Joint probability observing data x with model parameter 6
« 9(x]0) x Likelihood function, probability detecting signal x with 6

» Metropolis-Hasting Algorithm, 10°~107 samples
* Extract some independent samples
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Parameter Estimation(MCMCQ)

» Determine posterior g(6]x) with some methods
* Need to know priors for a given parameter set 6
« (0) : priors for a given 6

* All physical priors are assumed to be 1( a priori we don’t know)
» Distance prior
* Mass prior



Distance Prior

 Sources are uniformly distributed over space
« Sample position should be generated uniformly over space
1. dV =7r?sin@drdfd¢ = —r?*drdud¢, u = cos 6
« Generate r~|["yin Tmaxl, #~1—1,1], ~[0, 27]
+ po(r) =r?
2. dV = —r?drdud¢ = —r3dInr dude, u = cos 6
* Generate Inr ~[Inr,,;,, In 710, ], u~1—1,1], p~[0, 27]
s po(r) =17



Mass Prior

 Sources are uniformly distributed over m,,m,
« Sample masses should be generated uniformly over mass ranges
1. dmydm, = m.(1+ q)?/°q~%5dm_dq

- Generate m.~|mmM", mn®*| q~[0,1] m. = (mamz)*®
m2 € (my+my)t/s
* po(me,q) =2 =m(1+q)*/°q7°° g =2
c my
_ (m1+m2)2 . mc(1+1/ 1—477) — my;m;
2. dmldmz — (ml—mz)n_S/S dmcdn - 1_4‘77"' /—1_477 dmcdn TI (m1+m2)2

- Generate m.~|mM", mn*| 1~[0,0.25]

me(1+,/T=m)

* po(me,m) = 1—an+J1-4n Singular at n = 0.25 or my = m,




Likelihood Calculation
. Likelihood1 .
log £ =~ {d — hld — h) = ——(d|d)

» Gaussian noise assumption
*$(x|0) = L(x]6)

(d1R) = (ki)



Parallel Tempering

« Use few chains with different temperature

« Use likelihood L(s|@)r, T > 1

. __ (Network SNR)?
max —

Npar
 Improve convergence and mixing
* The higher temperature, the smoother distribution
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Inner Product

, 0 &(F)B* ()
(alb) = 4m [ SLL af
, w @)
(alb) = 2% |_o. =iy 4= Jos
¢ palx(0)] o e~ X072

co a(f)b*(f)+a*(fb(f)

SAfD

af

« We can consider each frequency bin distributed as

* pxX(F)] =

1

ANf

Sx(f)

EEGIRY

e 2S5x(f)/4

Af =

S

pPx[x(t)] o< exp s

(

\

N|+—=

o0
s
0




Likelihood(definition)

* $(d|0) : probability detecting signal d with 8

* Probability of the signal d contains template h(8)
« If d contains template h(0), then d — h is purely noise

+ (d — h16) = p(nl6)
afa(r)-A(r )| o

4Af 7,
‘pald(f) =R =7 5050 ©
afa(ry)-A(r)|"ar

. 0(d|6) = V-2 L |2 2 saUp/t i p—(d — h|d — h)/2

1=0 7am SnFp) ©
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Likelihood(properly normalized)

~ ~ 2
_a|ary)-R(r))l o7

1 4A .
() =TS o= ome © 00

) Zy 01|d( f)-h (f1)|2Af

. _ [pN-1_1 A0S Sn(f /4
. _ _1&n- 1|d(f1) h(fj)|2Af__ N-1 21Sp(f 5)
Ino(d19) = = L) =4 = = B =

. N 1 2|d(fj)—ﬁ(fj)|2Af_1 mSn(f )
In o(d|0) = [ 520 )) 2ln v



Likelihood Calculation (used)

| 20a(5) - k()P ar
Z - Su(f;)

-Likelihoodl 4 . )
logL = —2{d — hld — h) = =5 (d|d) + (d]|h) = 5 (hlh)

» Gaussian noise assumption
*$(d|0) = L(d|6)

[ (d=h)(d—=h) . /fH (d—h)*(d—h) .
d— hld—h) = JL/ — df ~ 4 — df
< | > 0 Sn(]( ) fLow *—S-n. (f )




PRD88, 123039(2013)

Overlap

1.0 p

(halhy)
J(hahy)(ha ha)

* SNR = /(h|h)

° O(hli hZ) —

S
o

Black Hole Spin
o
o

—0.5

4 6 o) 10 12 14
Mass Ratio
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Markov Chain Monte Carlo

Markov Chailn
Monte Carlo



Markov Process

* Definition
« Number of state at any time is finite
« Next sate depends only on the current state
« Any state could be arrived from any state
 System does not have deterministic cycle
 Transition kernel P(X; —» X;,,) constant

* Ergodicity
« Any Markov Process converge to a unique statistical equilibrium
from any state
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Detailled Balance

* At statistical equilibrium, probability of state should not change
* T(X)P(Xe = Xi41) = T(Xp41)P(Xeg1 = Xp)
o PXeoXerq) _ m(Xetq)
P(Xt+1-X¢) T (X¢)
* Practical implementation
* Proposal : q(X; = X¢41)
» Acceptance : a(X; = X¢yq1)
* P(X; = Xp41) = q(X; = Xpyp)a(X; = Xiyq)




Detailled Balance

* Detailed balance condition acquired if
o PXeoXer1) _ AXeoXep1)a(XeoXeya) _ T Xeya)
P(Xey1~Xe)  aXep1~oXDaXep1—X)  m(Xp)
o OXe=Xeiq) _ T(Xe41)q (X4 12Xe)
a(Xep1-X))  T(X)q(Xe—Xeq1)

« Choose next state with probability

. o TT(Xt+1)9 Xe+1-2Xe)
@(X; = Xi41) = min (1’ (X0 q(Xe=Xe+1) )




Detailed Balance Proof

* T(X11)q KXy = Xp) > (X )q(Xy — Xpyq) case

. . T(Xe41)dXep12Xe) |
a(Xt — Xt"'l) — min (1' T(Xe)q(Xe—>Xe41) ) =1

. _ m(Xp)q(Xe—Xeyq)
a(Xt+1 ~ Xt)  (Xer1)q(Xer1—Xe)
a(Xe—Xer1)  T(Xep1)qXep1-Xt)

a(Xep1—=Xe) XD q(Xe=Xip1)




Detailed Balance Proof

* T(X11)q KXy = Xp) <7(X)q(Xy — Xpyq) case

. _ T(Xe41)q(Xe112Xt)
a(Xt ~ Xt+1) (X)X~ Xei1)
. X X —-X
 a(X;+1 = X;) = min (1,”2(;)1316(1)((t:+;t+1)t)) =1
a(Xe—Xer1)  T(Xep1)qXep1-Xt)

a(Xep1—=Xe) XD q(Xe=Xip1)

(68) (ML 18.6) Detailed balance (a.k.a. Reversibility) - YouTube
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https://www.youtube.com/watch?v=xxDkdwQdGvs

Metropolis Algorithm

 a(X; » X;y1) = min (1, ”(Xt“)) . acceptance rate
T (X¢)

« Metropolis Algorithm is for the case of q(X; = X;11) = q(Xipq = Xi)
* q(X; = X¢41) Gaussian distribution centered at X;



Metropolis-Hasting Algorithm

. s T(Xe+1)q(Xe+12Xe) .
a(X; - X;+1) = min (1, D q (e Xeed) ) . acceptance rate

* One can choose arbitrary appropriate q(X; - X;,,) for the
target problem



MCMCs

2021-08-18

Table 1| An overview of MCMC-based and non-MCMC-based sampling techniques

Approach
MCMC-based methods

Metropolis—Hastings

Reversible jump MCMC

Hamiltonian Monte

Carlo

Cibbs sampler
Particle MCMC

Evolutionary Monte

Carlo

Short description

An algorithm used for obtaining random samples from a probability distribution. Uses
a general proposal distribution, with an associated accept/reject step for the proposed
parameter value(s)**®

An extension of the Metropolis—Hastings algorithm. Permits simulation of trans-dimensional
moves within parameter space®*?#

A Metropolis—Hastings algorithm based on Hamiltonian dynamics®. This algorithm is useful
if direct sampling is difficult, if the sample size is small or when autocorrelation is high.

The algorithm avoids the random walk of Metropolis—-Hastings and sensitivity by taking

a series of steps informed by first-order gradient information. The No-U-Turn Sampler**® is
an extension and is often faster because it often avoids the need for tuning the model

A Metropolis—Hastings algorithm where the proposal distribution is the corresponding
posterior conditional distribution, with an associated acceptance probability of 1 (REF*)

A combined sequential Monte Carlo algorithm and MCMC used when the likelihood is
analytically intractable'’”

An MCMC algorithm that incorporates features of genetic algorithms and simulated
annealing™’. It allows the Markov chain to effectively and efficiently explore the parameter
space and avoid getting trapped at local modes of the posterior distribution. It is particularly
useful when the target distribution function is high-dimensional or multimodal

Non-MCMC-based methods

Sequential Monte Carlo

Approximate Bayesian
computation

Integrated nested
Laplace approximations

Variational Bayes

An algorithm based on multiple importance sampling steps for each observed data point.
Often used for online or real-time processing of data arrivals**®

An approximate approach, typically used when the likelihood function is analytically
intractable or very computationally expensive®*’

An approximate approach developed for the large class of latent Gaussian models, which
includes generalized additive spline models, Gaussian Markov processes and random fields**°

Variational inference describes a technique to approximate posterior distributions via
simpler approximating distributions. The popular mean-field approximation assigns an
approximating variational distribution to each parameter independently. Gradient descent
is then used to optimize the variational parameters to minimize a loss function known as
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Assumptions on PE Likelihoods

[Creighton Chap.7, PRD.91.042003, PRD.85.122006]

* Noise Is stationary and Gaussian

* No correlation between time bins

* No correlation between frequency bins

* Residual signal should be noise only for matched case



GWTC-2 PE for GW190521 (2nd release)

Date added: March 9, ¢

show / hide parameters
Cocumentation -
H1 strain

Version: v3

+0.32

chi_eff 0.03 gag

All Versic S
+152

chirp_mass (M _sun AR
GPS: 1242442967 4 i (M_sun) 114.8 .17

+«17.0

UTC Time: 201$405-21 03.02 i (M sun) e
ime: 2019-05-21 0 chirp_mass_source (M_sun) gg5 , .

Release: GWTC-2 : & = 2 +36.8

final_mass_source (M_sun)

+2190

luminosity_distance (Mpc)  3g59 s

mass_1 source (M sun)
mass 2 source (M_sun)
redshift

total_mass_source (M_sun)

J

Skymap

Default PE
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Resources

https:/www.gw-openscience.org/software/

Software packages for Bayesian inference
applied to compact binary coalescences

Gravitational Wave Open Science Center

# Data- Software-  Online Tools-  About GWOSC-

SIS e il e A (P « LAlLlnference - https:/git.ligo.org/Iscsoft/lalsuite
o e o e i e PR * Bilby - https:/git.ligo.org/Iscsoft/bilby
Bayesian Parametric Population Modls * Bayesian Parametric Population Models -
T"'f ::Eri:;:""” techniques for infeming the merger rate density for compact binary sources https: /git.ligo.org/daniel wysocki/bayesian-parametric-population-models
e » Bayeswave - https:/git.ligo.org/lscsoft/bayeswave

BayesWave is a Bayasian algorithm designed to rebustly distinguish grasvitational wave signals from noisa
and instrumental ghiches withoul relying on any pries assumptions of wavelorm morphology.
» Homepage & Sounce code

Bilby
The aim of balby is to provide wser friendly interface to perform parameter estimation, It is pimarnly designed
and built for inference of compact binary coalescence events n interferometnc data, but it can also be used
for more general probbems.,

# Documentation

= Soilrce Code

= Python package in PyFl
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Sample Output of PE

SkyMap

Injection found at p = 0.666528

067
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099

Waveforms
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Essence of the Parameter Estimation

o Generate enough independent samples following posterior
p(D|M) p(M)
p(D)

Posterior Beliefs

p(M|D) =

\ Evidence

Prior Beliefs
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Various PE methods



Nested Sampling



Nested sampling

Sample

Combine
directly samples
MCMC | .o ° =)
o0
- 4 }
® o <v/
Unknown
Posterior
Break into Sample from Combine
nested slices each slice weighted
| | | I samples
1 | s
— — — @)
4 ® g
Nested L | | © " &=
Sampling - —
2021-08-18
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Nested sampling algorithm(static)

Algorithm 1: Static Nested Sampling

// Initialize live points.

Draw K “live” points{®, ..., Ok} from the prior 7(©).

// Main sampling loop.

while stopping criterion not met do .

Compute the minimum likelihood £™" among thecurrent set of live points.
Add the kth live point ©; associated with £™"to a list of “dead” points.
Sample a new point @ from the prior subject to the constraintL(@®') > L™,
Replace ©; with ©'.

// Check whether to stop.

Evaluate stopping criterion.

end
// Add final live points.

while K > 0 do _
Compute the minimum likelihood £™" among thecurrent set of live points.

Add the kth live point ®; associated with £™"to a list of “dead” points.
Remove @, from the set of live points.
Set K =K — 1.

end
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Nested sampling algorithm(Dynamic)

Algorithm 2: Dynamic Nested Sampling

// Initialize first set of live points.

Draw K “live” points{@, ..., O } from the prior 7(O).

// Main sampling loop.

Set L™" =0 and Ko = K.

while stopping criterion not met do

// Get current number of live points.

Compute the previous number of live points K and thecurrent number of live points K.
if K’ > K then

else
// Iteratively remove live points.
while K’ < K do

\/vﬁilii{d’ :I}( I;(e)w Live points. Compute the minimum likelihood £™" among thecurrent set of K = K’ live points.
. 4 3 e : min . c G » H

Sample a new point @' from the prior subject to the constraintC(©') > £mn, Add the kth lTve point @ a‘ss‘ocmte‘d with £™"to a list of “dead” points.
Add @' to the set of live points Remove O, from the set of live points.
Set K = K + 1. Set K =K — L.

end end

// Replace worst live point. end

Compute the minimum likelihood £™" among thecurrent set of K live points. // Check whether to stop.

Add the kth live point ®associated with £™"to a list of “dead” points. Evaluate stopping criterion.

Replace ©®; with ©'. end

else // Add final live points.

while there are live points remaining do
Compute the minimum likelihood £™" among thecurrent set of live points.

Add the kth live point ®; associated with £™"to a list of “dead” points.
Remove ©, from the set of live points.
end
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Bilby



Bl | by(a user-friendly Bayesian inference library)

» Welcome to bilby’s documentatlon' — bilby 1.1 documentation

(ligo.org) ™)
Y
* Arxiv:1811.02042 ¥ 3
+ Arxiv:2006.00714 @Y

« Anaconda environment
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https://lscsoft.docs.ligo.org/bilby/index.html

Example Gaussian

An example of how to use bilby to perform parameter estimation for
non-gravitational wave data consisting of a Gaussian with a mean and

variance

import bilby
import numpy as np

label = 'gaussian_example'
outdir = 'outdir'

data = np.random.normal(3, 4, 100)

class SimpleGaussianlLikelihood(b1ilby.Likelihood):
def __ init_ (self, data):

A

A very simple Gaussian likelihood
Parameters

: array_like

The data to analyse
super().__init__ (parameters={'mu': None})
self.data = data
self.N = len(data)

None, 'sigma':

« Data : N(3,4)

def log_likelihood(self):
mu = self.parameters[ 'mu']
sigma = self.parameters['sigma']
res = self.data - mu
return -0.5 * (np.sum((res / sigma)**2) +
self.N * np.log(2 * np.pi1 * sigma**2))

likelihood = SimpleGaussianlLikelihood(data)
priors = dict(mu=bilby.core.prior.Uniform(@, 5, 'mu'),
sigma=bilby.core.prior.Uniform(0, 10, 'sigma'))

result = bilby.run_sampler(
likelihood=11kelilhood, priors=priors, sampler='dnest4', npoints=50000,
walks=100, outdir=outdir, label=label)

result.plot_corner()

elativity and Gravitational Waves




Example Gaussian

2.981+043

N=100, L=10

1
b —————
e —————

4.31%) 0

sigma

mu sigma

2021-08-18

320252

N=100, L=100
. 4.09253

mu sigma
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Example Gaussian

2.93+006

2.95+0.04

i N=10000, L=10 N=10000, L=100

4.01%353

3.9725:5

———
—
—
1
_;_E'_____________
—
—
>
L
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PyCBC Inference

 Python toolkit for CBC analysis (https://github.com/ligo-cbc/pycbc)

« Workflows

« Waveform generations

« PSD estimation

« Matched filtering

 Offline PyCBC coincidence search Pyc B c
ek cspli e sl o gpeviasel s s
Gt e B RS 5 T

and is used in flagship analyses of LIGO and Virgo data.
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https://github.com/ligo-cbc/pycbc

Workflow topology

Configuration

pycbc make inference workflow

pycbc inference plot posterior

2-D histograms posteriors

pycbc inference plot samples
Plots samples

pycbc inference plot acf

Plots autocorrelation function

PYCD S PLO d

pycbc inference plot prior

Plots priors

v

pycbc inference
Run MCMC sampler

« Schematic of the PyCBC
inference workflow. The
workflow has an

“of car - bc make html
n of samples accept pycbe_make_html_page

Creates HTML page

exeCUtable_ that handles pycbc inference table summary

the sampling followed by Lists results in table G1601523
a few post-processing

executables. pycbc plot spectrum
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Sampler, waveftorm, and prior choices

« Samplers:

« Kombine (MCMC) Sampler
Controls the MCMC (kombine).

« Waveform generators:
* Time-domain CBC
* Frequency-domain CBC

. LikelihoodEvaluator
* Ringdown Returns the likelihood and prior for a
e Priors: set of points.
« Uniform
) Un!form angle o PriorEvaluator FrameGenerator
* Uniform Sky position Computes the prior for all parameters Applies time shift and antenna pattern
* Sine and cosine at a point. to waveform.
 Gaussian
* The graphic on the Distribution Generator
Il LV R WAV @EI® rcates o prior distribution for a subse | Generates waveform (TD, FD, Ringdow
InNterence C|asseS or t of parameters (uniform, Gaussian). n).
sampling.
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Rapid Iterative Fitting(RIFT) for inference

G2100564
Proposed larger grid

Input gnd Ak Output poster

Evaluate .
Sample posterlor

Extrinsic/Intrinsic parameter separation

GitHub - oshaughn/RIFT tutorials: RIFT tutorials

Likelihood on grid {(Ax. L)}



https://github.com/oshaughn/RIFT_tutorials

10.0

RIFT

example

e
e 9 °
o® . °
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L ] 8 [ ] . ™
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® [ ] L ] ®
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Summary

* Enough independent samples following selected posterior
distribution

e LALInference

« Monte Carlo Markov Chain(MCMCQ)
* Nested Sampling

* Bilby
« Many sampling methods implemented Python library
« PyCBC Inference



PESummary



PESummary(post process)

* PESummary | Home — PESummary 0.12.1+46.gfa604{0.dirty
documentation (ligo.org)

« PESummary: the code agnostic Parameter Estimation

Summary page builder (arxiv.org)

¥ import useful python packages
matplotlib inline

import
import
import
import

2021-08-18

numpy as np
matplot!lib.pyplot as plt
seaborn as sns

h5py

2021 Summer School on Numerical Relativity ar

# read in the data
fn = "GW190814_posterior_samples.h5"
data = hSpy Fileifn, r')

# print out paramefrized waveform family names ('aporoximants” in [/GG jargon)
print('approximants: ' data.keys())

#orint out top—level! data structures for one aoproximant. Here fore example we use the combined samoples
# between INRPRenomPv3HN and SEOBNAVAPHY. The data structurée is the same for ali approximants
print('Top-level data structures:' datal'combined'] keys())

# extract posterior sampies for one of the approximants
posterior_samples = datal'combined'] ['posterior_samples’

print('data structures in posterior_samples: ' posterior_samples dtype)
pnames = [item for item in posterior_samples dtype.names
print('parameter names:' pnames)

# get samples for one of the paramefers
m2 = posterior_samples[ 'mass_2_source']
print('mass_2 shape, mean, std =',m2 shape,m2 mean() ,m2.std())

# smooth it
from scipy.stats.kde import gaussian_kde
hs = gaussian_kde(m?2)

# histogram, and overfay the smoothed FOF
plt.figure()

h, b, o =plt.hist{m2,bins=100)

hsmoothed = hs(b)*len{m2)=(b[11-b[01)
plt.plot(b,hsmoothed)
plt.xlabel('mass_2"')
plt.vlabel('posterior FOF')

plt.show()

data.close()

# release memory for the data
#de/ data


https://docs.ligo.org/lscsoft/pesummary/stable_docs/index.html
https://arxiv.org/pdf/2006.06639.pdf

PESummary Example(GW190814)

PESummary | Home — PESummary 0.12.1+46.gfa604f0.dirty documentation (ligo.orq)
https://dcc.ligo.org/DocDB/0168/P2000183/010/GW190814_posterior_samples.html

Run in anaconda

1200 - 1600 +
1400 -
1000 A
1200 A
¥
w 800 2 1000 A
D -
. S
S 3 800-
= 7]
% 600 - S
-4 600 -
400 7 400 -
200 A
200 A
0 - T
20 22 24 26
0 T T mass_1
2.3 2.4 2.5 2.6 2.7 2.8

mass_2
2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves

154

28



https://docs.ligo.org/lscsoft/pesummary/stable_docs/index.html

Probability Density

PESummary Example

2.59+0.08 from pesummary.gw.plots. latex_labels
| ]
l : parameter = "mass_?_ source"
: : latex_label = GWlatex_labels[parameter]
I ]
I ]
I I 0 0 1 ' 1
: ! fig = posterior_samples.plot{parameter, type="hist", kde=True)
! ! fig.set_size_inches(12, 8)
! ! plt. show()
I 1
I |
I |
| ]
| !
| |
I 1
I 1
I |
| ]
I ]
| |
I |
I ]
| 1
| |
| |
I 1
I 1
| ]
| ]
|
| I
| 1
1
I |
] |
] |
) I
) I
] 1
I I
T T Il T I T T
2.3 2.4 2.5 2.6 2.7 2.8
mienree( M|
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Probability Density

PESummary Example

——  CO01:IMRPhenomD from pesummary.core.plots.plot import _ld_comparison_histogram_plot
——— CO01:IMRPhenomHM samsles = [0
—— CO01:IMRPhenomNSBH for label in labels:
CO1:IMRPhenomPV3HM samples.append{samp les_dict[label] [parameter])
~———  C01:SEOBNRv4HM_ROM
~——  C01:SEOBNRv4PHM colors = ['b", 'r', 'k', 'v', ‘orange', 'g','purple’, 'cvan’, ‘grey’', 'violet']
—— CO01:SEOBNRv4_ROM fig = _ld_comparison_histogram_plot{parameter, samples, colors, latex_label, sanitized_labels, kde=True)
) fig.set_size_inches(12, 8)
CO1:SEOBNRv4_ROM_NRTidalv2_NSBH o1t shonO)
—— combined |
LU A I I P 1l
g - AR T
U A | L U
-] TN 1o
! U U R
U I | I 11l
6 1 [ B [ Y |
I A | L U B
5 e o | B 1
U I | L U N
14 LU | I 1l
I A | I 1l
. TN R
(| 1l | 11
I A | o
21 U I ot
U I I | i
1 - [ I | g |1
I .
I:} T T — l T
1.5 2.0 2.5 3.0 3.0

rngmr('(’[ﬂf' ]
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my"" e[ M ]

fig = _make_corner_plot(posterior_samples, GWlatex_labels, corner_params)

P E S u m m a ry Exa m p | Ecl;[rzzcrm[/)(z\rams ['mass_1', 'mass_2', 'chirp_mass', 'mass_ratio', 'luminosity_distance']

MM,

;’b -
qQ,
O A =
Q) &
2
5
N -
.‘}'.
T T T =
N P 4 g
v Vv W
msou r(e[ M __] meou rce[ M- ] BN T &V R I
1 = 2 W my[M.) q M[M,] dr[Mpc]
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PESummary Example

= Hi
10—3&_ - L1
= Vi

N 1-10
- 10
o
'3
Z,
=
2 104
(5]
(]
©
=
(&)
[15]
Q.
w
E 10-4 -
3
o

10—16_

T 1[5[} T v T T v T T T l[]b[]

Frequency [Hz|

psd = data.psd["combined"]
fig = psd.plot{fmin=30.0)
fig.set size inches(12, §)
plt. show()
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Probability Density

PESummary example

‘ o+1.21
0.7 4

from pesummary.io import read

=

plot = psds.plot(fmin=20)
plot.show()

i i
I |
1 I
0.6 - : : = 190814 posterior_samples.h5', package='gw')
| | analysis = 'combined’
o | _J ‘ : posterior_samples = f.samples_dict[analysis]
0.91 l I psds = f.psd[analysis]
: : calibration_envelope = f.priors[ 'calibration’J[analysis]
0.4 4 : : prior_samples = f.priors['samples'][analysis]
| |
| : : hist = posterior_samples.plot('mass 1', type='hist"')
0.3 1 l I hist.show()
: : skymap = posterior_samples.plot(type='skymap"')
0.2 4 # : skymap. show( )
I |
|

_ _
e e
o —
Nl 1
R
4
L e —
-ﬁ
i

I'!-l'
I"l—l‘
[ ]
=
g
N
St
>

-
30

Ty [JI[ ]
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PESummary example

It takes long time, 300s/iteration, 200 iterations ~ 20hrs

50
90
7 6()°
30° 30°
"
" I I | I | | | !
(b 21k 18k 15" 12® gh i < ()
&
=P =~ —30°

—bU?
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PESummary Example

10-38 m Hi
~ ™ L1
= - V1
% 10--10
2,

Py

g 12

S 1012 -

(]

©

=

O -1t

Q 10 \

7))

) %

g —46 I'

n_ 10 ' M
T T T T T T T T T T T iobo

Frequency [Hz|

| Gravitational Waves
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Probability Density

PESummary Example(legacy)

0.18+0.11 pesumamry_legacy.py

mport h5py
mport numpy as np
from pesummary.utils.samples _dict import SamplesDict

mport read_legacy as legacy

sampledist = legacylread_hS('j'HEHE.mutput.EU:EE-U.hi']
print(samplesdict)

I GED GEN EED NN EED GED SN SN SIS SN GEN NN SN NS aE

histo = samplesdict.plot('ecc', type='hist', kde=True)
histo.show()

skymap = samplesdict.plot(type='skymap')

skymap.show( )

P ——————— — —
s ——— —— — — —

T T T T T T T
AL .1 0.2 0.3 0.4 0.5 .6 0.7 .S
ecc
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Probability Density

PESummary Example(legacy)

14.38*

2.03
)7

! QO+2.08
8.89+298

|
|
0.25 :
I 0.4 4
|
|
. |
0.20 1 I
|
: > 0.3
| 5
0.15 - ' o
2
i 2
1 -g 0.2
0.10 - : a
!
1
I
- | 0.1 1
0.05 - |
|
[ 1
I
I
0.00 ! " R . 0.0 I ' ' . '
2.5 5.0 7. 10.0 2.5 .0 20.0 9 | 6 10 12
ey (M g M,
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Fisher Information
Matrix



Fisher information matrix

» Likelihood p(M|D) « e ~3Lp
* log-Likelihood Inp(M|D) « —%Lp(é,D)
» Taylor expansion around peak parameter 8

+ Inp(M|D) o« —>L,(6,D) = —2L,(6,D) - ;aL”(e ?) (6; — 6;) —

9%Lp(6,D . i
11 2000) () (60— ) + - = ~21,(6,0) -

11(32L 6,D ~ A
22 OHP(agk)(ej - Hj)(gk - Hk) T




Likelihood for Data Fitting

- Measured values y; with Gaussian Error Distribution

(fb(9)—yz'b)2

2 B
® —_— . .
X l=1 Zlb 0_5

» Observation probability of data y;, it parameter is 6

1
* P(y;,10) o e 2% - Likelihooc
* If one assume uniform prior for parameters, Bayes' theorem says
» P(Bly;,) = P(v:,10)



Super Novae Data

T T T T T T T e Number of bins ~ number
S aa T 1 of observed red-shift values

e f,(p) ~ fitting function for

| each observation bins

1+y; ~ observed data set for

each observation bins :
distance

i ] : L T T : LIDELE E
= 04 | e TR g G 1/ AR TY Y Al :
g ﬂ_?, L '1-: 1 _:
o o i i T
< 00 - | -E' T E
| —02 ll. | 1_ ........ 11 ............ —;
= —0.4 PTLISTOO LR T [ e e U e R =

L i i I i i | L i 1 I i L Il 1 L i A I i i L I =
0.0 0.2 0.4 0.6 0.5 1.0 1.2

2021 Summer School on Numerical Relativity and Gravitational Waves 167

SNLS : Siseri48vasLegacy Survey (cea.fr) <



http://irfu.cea.fr/en/Phocea/Vie_des_labos/Ast/ast_technique.php?id_ast=2289

Di" [uK?

ADIT

ADIT

Baryon Acoustic Oscillation

6000 -

e Number of bins ~
number of observed
angular frequency

} * fp(p) ~ fitting function
rﬁ for each observation
0 b | ns

B Mi iﬂ“muw st e to * Yy, ~ ODserved data
w0l | | I set for each
~~___ .. 1" observation bins :
e gmplitude
2821I—Oé—1l8l 10 0 500 , 1008021 summerschool on Mamerical ReI2a5tc|]\9ity and Gravitational Waves 168

Planck 2018 results - V. CMB power spectra and likelihoods | Astronomy & Astrophysics (A&A) (aanda.orq)



https://www.aanda.org/articles/aa/full_html/2020/09/aa36386-19/F57.html

Galaxy Cluster Counter

AseLL 2029
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https://arxiv.org/ftp/astro-ph/papers/0609/0609591.pdf

Weak Lensing

Microsoft Word - DETF Final.doc (arxiv.orq)

2021-08-18

o <5
- ® oo —)'© ()9
eoe © ®
(0] (0] ® O
® o
True Background Lensed Image
-
-
// i) ® >
Q‘,‘, e
P g ()5
P9 ) N O )
(0 (0] B Y
2] o
True Background Lensed Image
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https://arxiv.org/ftp/astro-ph/papers/0609/0609591.pdf

Fisher Matrix

62 2
9600y

» (X2(0) = () + (55 >59 +- >59 60 + -

 (-) means evaluate at extreme parameter 6,

. [2x2)
<aej> =0
0

0

.« (x2(0)) = (x2) +- » >69 56y + = (x?) + F;x.50,80) + -

00;06

N U S Nb 0976 hroportional to gradient of measure function
k™ 210606y 2 90, aak



Example Simulation

« We want to fit a data with y = a6
« Sample Data is generated as follows
*Vi = aHi + N(a@i,ai)

« Each data point y; is average of N; random variable r = a8; +
N(Cl@i,O'i)

* g; vary In range (s, S1)



Example Simulation

#hample calouiation for Fisher Mafrix meaning
# sample data is generated by y = a+thefa + n
¥ oa =1, O<theta<!, n ~ Nflartheta, sigmal

#F 0.7 < signa < 0.3

# for each theta, averaged value is observed
import os

import numpy as np

import scipy

import matplot!ib.pyplot as plt

randFloat = np. random.rand(%)
#Forint{ ‘randfloat between 0.0 and 7.0:°,
def chi2{x, v, s, a, N):
chd = 0
for i in range(N):
ch0 += ((axx[i] — v[i1)/si] )2
return ch0

randFiloat)

def fisher(a, s0, s1):

# egual spaced theta poinfs
W = 100
nb = 10
dth = 1.0/N
theta = []
for i in range(N):

theta.append(i*dth)
forint("theta - ', theia/
# random signa values between s0 and s
#s0 = 0.7
#s1 = 0.2
sigmas = s0 + np.random.rand(N)=(s1 — s0)
Forint{ "signa - ', signas)
# observalion dafa as y = a + thefa + noise
data = []
y =[]
#a = 1.0
for i in range(N):

w0 = axthetalil

vh =[]

for i in range(nb):

r = np.random.normal {vQ,sigmas[i])
vb . append(r)

p.mean(vb))
Hfor @?{ﬂ agg;gi 8 . no.mean{datal,

#Forint{"data ©", datal

' stddev = ", np.sididatal)

al, b0 = np.polyfit{theta, data, 1)
for i in range(N):

y.append{a0*thetalil)
print("best fit a =", a0, ", b =", b0) chi2sl, scalesl = fisher(1.0, 0.1, 0.3)
scales = np. linspace(-5.0, 5.0, N)
Forint{"scales . scales)
chi2s = [] chi?s?, scales? = fisher(1.0, 0.1, 0.5)
for i in range(N):

chi2s. append(chi2(theta, data, sigmas, scales[il, N})
#orint{‘chi® : ", chiPs) chi?2s3, scales3 = fisher(1.0, 0.5, 0.8)
plt.scatter(theta, data)
plt.xlabel ("theta")
plt.ylabel ("y") chiZ2sd, scalesd = fisher(1.0, 1.0, 3.0)
plt.title("y = theta + n")
plt. show()
plt.plot(theta, data)
plt.xlabel ("theta")
plt.ylabel("y")
plt.title("y = theta + n")
plt.show()
#olf. plot{theta, data)
plt.xlabel("theta")
plt.ylabel("y")
plt.title("y = theta + n")
plt.scatter(theta, data, color="black")
plt.plot{theta, v, label="Linear Fit", color="red")
plt.legend()
plt.show()
plt.plot(scales, chi2s)
plt.xlabel("slope")
plt.title("chi-square")
plt.show()
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08 1

0.6 -

0.4 1
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40000 1

30000 A1

20000 4
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y =theta + n

= Linear Fit

theta

chi-square

chi2sl, scalesl = fisher(1.0, 0.1, 0.3)

best fit a = 0.9507633434837137 , b =
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slope

0.021531902251367096
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10

038 -

06 1

0.4 1

02 A1

0.0 1

10 A

038

06 1

0.4 1

0.2 A1

0.0 1
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25000 -

20000 1
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10000
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0.

y = theta + n

= Linear Fit

[
<

04 0.6
theta

chi-square

0.8

10

chi?s?, scales? = fisher(1.0, 0.1, 0.5)

best fit a =

0.9376330047628346 ,
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slope

b:

0.036143953147962345
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04

chi2s3, scales3 = fisher(1.0, 0.5, 0.3)

best fit a =

1.0247573110158383 ,
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slope

b:

0.005213721534364346
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a=1,s,=1.0,s; = 3.0

y = theta + n , y = theta + n
. L
: Lnear Fit chi2s4, scalesd = fisher(1.0, 1.0, 3.0)
° ° 21 ° . best fit a = 0.85667397062723266 , b = ©.03459640049619748
. ~ = . ° . o™
9. o s % ‘s %
Pqsce ) .ooo° ..0.0 % B
G, ....'. ® e 0.. ® 5 e ¥ >
e * ®e %, 0
1 e - e oo0 0°* % * o 0
L J * » L < .
L
g = °* -1
&
@
00 02 04 06 08 10 00 02 04 06 08 10
theta theta
y =theta + n chi-square
400
350 -
300 -
250 -
200 -
150 1
100 1
m -
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Comparison

chi-square
plt.plot(scalesl, chi?sl, label="s0=0.1, s1=0.3", color="red")
plt.plot(scales!l, chi?s?, label="s0=0.1, s1=0.5", color="blue") —— =01, s1=0.3
plt.plot(scalesl, chi2s3, label="s0=0.5, s1=0.8", color="green") i _ _
plt . plot(scalesl, chi?sd, label="s0=1.0, s1=3.0", color="cyan") 40000 s0=0 1" s1=05
nlt.xlabel("slope") - g0=0.5, s1=0.8

plt.title("chi-square") _ —
plt. legend() s0=1.0,s51=3.0
30000 4

* Fisher matrix value is
curvature of chi-square 20000 -
curves

10000 -

slope
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Comparison

plt.xlabel("theta") Data
plt . yvlabel("y") 3 4
plt. title("Data") ) | s So=0.1' s1=03

plt scatter(thetal, datal, label="s0=0.1, s1=0.3", color="red")

plt.plot(thetal, y1, color="red") ® 50=01,s51=05
plt.scatter(thetal, data?, label="s0=0.1, s1=0.5", color="hlue")

plt.plot{thetal, v2, color="blue") >4 o s0=0 5. s1=0.8
plt.scatter{thetal, data3, label="s0=0.5, s1=0.8", color="green") So=1 0. 51=3.0

plt.plot(thetal, ¥3, color="green")

plt . scatter(thetal, datas, label="s0=1.0, s1=3.0", color="cvan")
plt.plot(thetal, w4, color="cyan")

plt. legend()

plt. show() 1 -
N
o o
_1 -
0.0 0.2 04 06 08 10
theta
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Fisher Matrix
. - 02 Inp(M|D)
Fjk = _< 3606,

 Cramer-Rao lower bound
* (60;60;) = (F~1) it is same for Gaussian




x4 distribution



2 distribution

e Let x is a random number of standard normal distribution

X2

. 1 _z
-pdfofxls\/T_ne 2

* Suppose that y = x*
« What is the pdf of y?

e Let y = g(x) and pdf of x Is fX(x)
» How to find pdf of y, fy(y)



2 distribution

« x = g~ 1(y), since y = g(x) monotonic function
. g 4970

dx = = dy
* Distribution of x Is fy(x)dx

- fxdx = fx(g7 ) “ 2 dy=fr (y)dy

» Hence fy(3) = fu(g7 ) “5

* If g(x) =x% thenx =g~ (y) = £y, y =0

s r(¥) =24 (g7 1 (y)) dg;y(y) — \/L_e_%M — \/;\/Ey_ie_%, x% distribution




x*“ distribution

ey =x% and x~N(0,1)

cy <0, P(Y<y)=0

+y20,P(Y <y)=P(X2<y)=P(X| <) =P(—\F <X <|y) =
Fo(V7) — FX(—\/_) = FX(\/_) - (1 - Fx(f)) = 2Fx(x/_) -1

V2w dy V2w



2 distribution

k

.yl_xl’ Q = Zl 1Yi = i=1xi21 x;~N(0,1)
- pdf of Q is £, x? distribution with k degrees of freedom

f(z; k) =

2021-08-18

; 3 e i k=1
£ € =
x > 0; 05 — k=2
k — k=3
22F E) 0.4+ =
— k=6
otherwise 037 kg
0.2t
0.1
Chi-Square diStri@)@ﬁQHMer\AéH@i@&dmmegeﬂ elatvity 'ana Graviational waves | : ‘ ' —>
0 1 2 3 4 H § 7 8



https://en.wikipedia.org/wiki/Chi-square_distribution

2 distribution

nj2z= Plot[Table [PDF [ChiSquareDistribution[v], x], {v, {0.5, 3, 5}}] // Evaluate,

Chi-square distribution - Wikipedia

{x, @, 6}, Filli - 1s]
aeo R Fi(x), X
1.0t | | | I
//
k=1
0.6 / _
—_— k=2
/ e i1
| —~— 047 , // // e
[ e ———— " . / /// T ICTQ
- 1 2 3 4 5 8
0.0 e . —
0 1 2 3 4 5 6 7 8
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https://en.wikipedia.org/wiki/Chi-square_distribution

Pearson'’s chi-squared(y?) test

@ B

Karl Pearson 1900

Answer

how likely it is that any
observed difference
between the sets arose by
chance?

N

Detector
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Pearson'’s chi-squared(y?) test process

1. Calculate x4, sum of squared deviation between observed and
theoretical values

2. Determine the degrees of freedom(dof)
1. Goodness-of-fit : number of observations — number of parameters

3. Select level of confidence
4. Compare y? to critical value for given dof and confidence level

5. Sustain or reject the null hypothesis. y? > critical : reject Hy,
x* < critical : sustain H,, but not necessarily accepted



Pearson'’s chi-squared(y?) test process

n Detector

2021-08-18

{x;} |

/ L |
0.0 L L t
0 2 4 6 8
_ X2 = Pearson's cumulative test statistic
‘-'_1*7h-rﬂ1’7:.-|‘-*r ME (ksc.rekr)

'_ﬁ il | = .

vy = I - ¥ - 9
L ) - i T - B I:Q e >

oo NI R AT ' & v o .

x% < x? sustain H, Data is
describing the theory but

XZ, V, Xg, p, @  not definitely

Theoretical ex(g)ectation
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https://www.ksc.re.kr/ggspcpt/nurion

Pearson'’s chi-squared(y?) test

yi—y(x;) ?
o Xz — Z( — )

SZ

° 2:—:
T T )

1 2
5% = mz w; (v — y(x)
R v/
L /N 2(1/67)




Other kind of test

« Kolmogorov-Smirnov test 1
1 . .
i >
> = 08
= 08 ®
% Qo
Re! © 06
O al
i 08 >
=
z £ 04
< 04 =
E =
0.2
3 02 ©
0
0 -
4
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https://en.wikipedia.org/wiki/Kolmogorov%E2%80%93Smirnov_test

Other kind of test

« Anderson-Darling test
 Kuiper’s test
 Shapiro-Wilk test

* Jarque-Bera test

» Goodness of fit
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Thanks!
Questions?



