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Gravitational Waves



What is Gravitational Wave?
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Gravitational waves are 'ripples' in space-time caused by some 
of the most violent and energetic processes in the Universe



Gravitational Waves

• Linearized Einstein Equation

• 𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 , ℎ𝜇𝜈 ≪ 1

• 𝐺𝜇𝜈 =
8𝜋𝐺

𝑐4
𝑇𝜇𝜈

• 𝜂𝛼𝛽𝜕𝛼𝜕𝛽ℎ𝜇𝜈 + 𝑂 ℎ2 = −
16𝜋𝐺

𝑐4
𝑇𝜇𝜈 , 𝜕

𝜇ℎ𝜇𝜈 = 0

•Wave equation

• 𝜂𝛼𝛽𝜕𝛼𝜕𝛽ℎ𝜇𝜈 = ℎ𝜇𝜈 = −
1

𝑐2
𝜕2

𝜕𝑡2
+ ∇2 ℎ𝜇𝜈 = 0
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Credit: Carl  Rodriguez

Orbital motion does not change space-time

Binary orbit in Newtonian Theory
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Credit: Carl  Rodriguez

General Relativity
Mass, Energy ~ curved space-time
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아인슈타인의 상대성 이론과 쌍성의 궤도 운동

Change in space-time caused by binary motion

propagate in speed of light(GW)

Credit: Carl  Rodriguez
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Degrees of Freedom
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ℎ𝛼𝛽

Symmetric 2nd rank tensor
10 degrees of freedom

General coordinate 
transformation gauge

𝑥𝜇 → 𝑥𝜇 + 𝜉𝜇

Lorentz gauge condition

𝜕𝛼ℎ
𝛼𝛽 = 0 (4 conditions)

10 – 4 = 6 degrees of freedom

ℎ𝛼𝛽
𝑇𝑇

Gauge field selection freedom
Spatial and traceless

𝜉𝜇 = 𝐵𝜇𝑒𝑖𝑘𝛼𝑥
𝛼
, 𝑘𝛼𝑘

𝛼 = 0(4 condition)
6 – 4 = 2 degrees of freedomℎ𝛼𝛽 =

8𝜋𝐺

𝑐4
𝜏𝛼𝛽



GWs and lines of force
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GW Sources
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CBC, Supernovae, GRB, Pulsar glitch

Pulsar rotation, Binary

Early Universe, Astronomical origin



Detector Bands
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SOGRO
DECIGO



inspiral ringdownmerger

Main GW sources:
Compact Binary Coalescences (CBCs)

m1

m2
mf

m1+m2 ~ mf + GWs
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Gravitational Wave
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തℎ𝜇𝜈

𝜏𝜇𝜈
Ԧ𝑟

Ԧ𝑟′

𝑅 = Ԧ𝑟 − Ԧ𝑟′

𝑂

Ԧ𝑟 − Ԧ𝑟′ ≅ 𝑟, 𝑟 ≪ 𝑟′

𝑡 −
Ԧ𝑟− Ԧ𝑟′

𝑐
≅ 𝑡 −

𝑟

𝑐

തℎ𝜇𝜈 𝑡, Ԧ𝑟 ≅
4𝐺

𝑐4𝑟
 𝜏𝜇𝜈 𝑡 −

𝑟

𝑐
, Ԧ𝑟′ 𝑑3 Ԧ𝑟′

തℎ𝜇𝜈 = −
16𝜋𝐺

𝑐4
𝜏𝜇𝜈, 𝜕

𝜇𝜏𝜇𝜈 = 0

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 =

8𝜋𝐺

𝑐4
𝑇𝜇𝜈

𝑔𝜇𝜈 ≅

−1 0 0 0
0 1 + ℎ11 ℎ12 0
0 ℎ12 1 − ℎ11 0
0 0 0 1

ℎ𝑖𝑗
𝑇𝑇 ≅

2𝐺

𝑐4𝑟
ሷ𝐼𝑖𝑗
𝑇𝑇 𝑡 −

𝑟

𝑐
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Plane Wave Solution



Solution in vacuum

•

• തℎ𝜇𝜈 = 𝐴𝜇𝜈 cos 𝑘𝛼𝑥
𝛼 − 𝜙 𝜇 𝜈 , 𝜂𝛼𝛽𝑘𝛼𝑘𝛽 = 0

• 𝑥𝛼 = 𝑐𝑡, 𝑥, 𝑦, 𝑧 , 𝑘𝛼 =
𝜔

𝑐
, 𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧

• 𝑘𝛼𝑥
𝛼 = −𝜔𝑡 + 𝑘 ∙ Ԧ𝑥, 𝜔 = 2𝜋𝑓 = 𝑐 𝑘

• തℎ𝜇𝜈 = 𝐴𝜇𝜈 cos 𝜔𝑡 − 𝑘 ∙ Ԧ𝑥 + 𝜙 𝜇 𝜈 , തℎ𝜇𝜈𝑘
𝜈 = 0

• 𝜉𝛼 𝑡, Ԧ𝑥 = 𝐵𝛼 cos 𝜔𝑡 − 𝑘 ∙ Ԧ𝑥 + 𝜙 𝛼

• 𝑥′𝜇 = 𝑥𝜇 + 𝜉𝜇
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തℎ𝜇𝜈 = 0, 𝜕𝜇 തℎ𝜇𝜈 = 0

This equations reduce 10 to 6



Transverse Traceless coordinate

• തℎ𝜇𝜈
′ 𝑈′𝜈 = 0, 𝜂𝜇𝜈 തℎ𝜇𝜈

′ = 0, തℎ𝜇𝜈
′ 𝑘′𝜈 = 0, തℎ𝜇𝜈

′ = ℎ𝜇𝜈
′
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TT gauge

Trace reversed and original is same in TT gauge

Global Lorentz transformation 𝑥′𝛼 = Λ𝛽
𝛼𝑥𝛽 preserve all these properties.

Choose coordinate to be 𝑈𝜇 =
𝑑𝑥𝜇

𝑑𝑡
= 1,0,0,0 ℎ𝜇0 = 0

Rotate coordinate to be 𝑘𝜇 =
𝜔

𝑐
, 0,0,

𝜔

𝑐
ℎ𝜇3 = 0 ℎ11 + ℎ22 = 0

ℎ𝜇𝜈 =

0 0 0 0
0 ℎ11 ℎ12 0
0 ℎ12 −ℎ11 0
0 0 0 0



Transverse Traceless coordinate
• ℎ+ ≡ ℎ11 = −ℎ22, ℎ× ≡ ℎ12 = ℎ21

• ℎ𝜇𝜈
𝑇𝑇 𝑡, Ԧ𝑥 =

0 0 0 0
0 ℎ+ 𝑡, Ԧ𝑥 ℎ× 𝑡, Ԧ𝑥 0

0 ℎ× 𝑡, Ԧ𝑥 −ℎ+ 𝑡, Ԧ𝑥 0
0 0 0 0

=

0 0 0 0

0 ℎ+ 𝑡 −
𝑧

𝑐
ℎ× 𝑡 −

𝑧

𝑐
0

0 ℎ× 𝑡 −
𝑧

𝑐
−ℎ+ 𝑡 −

𝑧

𝑐
0

0 0 0 0

• ℎ+ 𝑡, Ԧ𝑥 = 𝐴+ cos 𝜔 𝑡 −
𝑧

𝑐
+ 𝜙+

• ℎ× 𝑡, Ԧ𝑥 = 𝐴× cos 𝜔 𝑡 −
𝑧

𝑐
+ 𝜙×

• ℎ𝜇𝜈
𝑇𝑇 𝑡, Ԧ𝑥 = ℎ+ 𝑡, Ԧ𝑥 𝑒𝜇𝜈

+ + ℎ× 𝑡, Ԧ𝑥 𝑒𝜇𝜈
×

• 𝑅𝑥0𝑥0
𝑇𝑇 = −𝑅𝑦0𝑦0

𝑇𝑇 = −𝑅𝑥0𝑥𝑧
𝑇𝑇 = 𝑅𝑦0𝑦𝑧

𝑇𝑇 = 𝑅𝑥𝑧𝑥𝑧
𝑇𝑇 = −𝑅𝑦𝑧𝑦𝑧

𝑇𝑇 = −
1

2
𝜕0
2ℎ+

• 𝑅𝑥0𝑦0
𝑇𝑇 = −𝑅𝑥0𝑦𝑧

𝑇𝑇 = −𝑅𝑦0𝑥𝑧
𝑇𝑇 = 𝑅𝑥𝑧𝑦𝑧

𝑇𝑇 = −
1

2
𝜕0
2ℎ×
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𝑒𝜇𝜈
+ =

0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

, 𝑒𝜇𝜈
× =

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0



Observer’s proper frame

• 𝑑𝑠2 = −𝑐2𝑑 Ƹ𝑡2 + 𝛿𝑖𝑗𝑑 ො𝑥
𝑖𝑑 ො𝑥𝑗 + 𝒪 ො𝑥2

• ො𝑥𝒜
𝛼 Ƹ𝑡 = 𝑐 Ƹ𝑡, 0,0,0

• ො𝑥ℬ
𝛼 Ƹ𝑡 = 𝑐 Ƹ𝑡, ො𝑥1 Ƹ𝑡 , ො𝑥2 Ƹ𝑡 , ො𝑥3 Ƹ𝑡

• መ𝜉𝛼 Ƹ𝑡 ≡ ො𝑥ℬ
𝛼 Ƹ𝑡 − ො𝑥𝒜

𝛼 Ƹ𝑡 = 0, ො𝑥1 Ƹ𝑡 , ො𝑥2 Ƹ𝑡 , ො𝑥3 Ƹ𝑡

•
𝐷2𝜉𝛼

𝑑 መ𝑡2
= −𝑐2 𝑅 𝛽𝛾𝛿

𝛼 ො𝑢𝛽 መ𝜉𝛾 ො𝑢𝛿 , ො𝑢𝛼 =
𝑑 ො𝑥𝛼

𝑐𝑑 መ𝑡
= 1,0,0,0

•
𝑑2 ො𝑥𝑖

𝑑 መ𝑡2
= −𝑐2 𝑅 0𝑗𝛿

𝑖 ො𝑥𝑗 = −𝑐2 𝑅𝑖0𝑗0 ො𝑥
𝑗 + 𝒪 ො𝑥3

• 𝑅𝑖0𝑗0 = 𝑅𝑖0𝑗0
𝑇𝑇 + 𝒪 ℎ2
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ො𝑥𝒜
𝑖 ො𝑥ℬ

𝑖



Observer’s proper frame

•
𝑑2 ො𝑥𝑖

𝑑 መ𝑡2
=

1

2

𝜕2ℎ𝑖𝑗
𝑇𝑇

𝜕 መ𝑡2
ො𝑥𝑗 , ො𝑥𝑖 Ƹ𝑡 = ො𝑥0

𝑖 ,
𝑑 ො𝑥𝑖

𝑑 መ𝑡
= 0

• ො𝑥𝑖 Ƹ𝑡 = ො𝑥0
𝑖 + 𝒪 ℎ

•
𝑑2 ො𝑥𝑖

𝑑 መ𝑡2
=

1

2

𝜕2ℎ𝑖𝑗
𝑇𝑇

𝜕 መ𝑡2
ො𝑥0
𝑖

• ො𝑥𝑖 Ƹ𝑡 = 𝛿𝑖𝑗 +
1

2
ℎ𝑖𝑗
𝑇𝑇 Ƹ𝑡 ො𝑥0

𝑖
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Initial condition

Solution in linear order



Theoretical Waveforms

• Known only for the very restricted cases, CBC inspiral

•Newtonian Chirp signal from binary system

• ℎ+ 𝑡 = −
𝐺𝑀𝑐

𝑐2𝑟

1+cos2𝜄

2

𝑐3 𝑡𝑐−𝑡

5𝐺𝑀𝑐

−
1

4
cos 2𝜑𝑐 − 2

𝑐3 𝑡𝑐−𝑡

5𝐺𝑀𝑐

5

8

• ℎ× 𝑡 = −
𝐺𝑀𝑐

𝑐2𝑟
cos 𝜄

𝑐3 𝑡𝑐−𝑡

5𝐺𝑀𝑐

−
1

4
sin 2𝜑𝑐 − 2

𝑐3 𝑡𝑐−𝑡

5𝐺𝑀𝑐

5/8
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Newtonian Chirp Signal
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Post-Newtonian waveform
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Geometry of 
Detector



Wave propagation coordinate
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Ƹ𝑗

𝑘

⨀ Ƹ𝑖𝑑𝑠2 = −𝑐2𝑑𝑡2 + 𝛿𝑖𝑗 + ℎ𝑖𝑗 𝑑𝑥𝑖𝑑𝑥𝑗

−
1

𝑐2
𝜕2

𝜕𝑡2
+ ∇2 ℎ𝑖𝑗 = 0, ℎ𝑖𝑗 𝑡 −

𝑘∙ Ԧ𝑟

𝑐

𝑘 = 0,0,1 , ℎ𝑖𝑗 = ℎ+𝑒+𝑖𝑗 + ℎ×𝑒×𝑖𝑗

𝑒+𝑖𝑗 =
1 0 0
0 −1 0
0 0 0

, 𝑒×𝑖𝑗 =
0 1 0
1 0 0
0 0 0

𝑒+𝑖𝑗 = ℓ𝑖ℓ𝑗 −𝑚𝑖𝑚𝑗 , 𝑒×𝑖𝑗 = ℓ𝑖ℓ𝑗 +𝑚𝑖𝑚𝑗

ℓ,𝑚, 𝑘 : source’s natural polarization

መ𝐼

መ𝐽

𝐾

𝛼

𝛿



Direction of source

• ℓ = Ƹ𝑖 cos𝜓 + Ƹ𝑗 sin𝜓

• 𝑚 = − Ƹ𝑖 sin𝜓 + Ƹ𝑗 cos𝜓

• 𝜀+𝑖𝑗 = Ƹ𝑖𝑖 Ƹ𝑖𝑗 − Ƹ𝑗𝑖 Ƹ𝑗𝑗 , 𝜀×𝑖𝑗 = Ƹ𝑖𝑖 Ƹ𝑖𝑗 + Ƹ𝑗𝑖 Ƹ𝑗𝑗

• 𝑒+𝑖𝑗 = 𝜀+𝑖𝑗 cos 2𝜓 + 𝜀×𝑖𝑗 sin 2𝜓

• 𝑒×𝑖𝑗 = −𝜀+𝑖𝑗 sin 2𝜓 + 𝜀×𝑖𝑗 cos 2𝜓
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Interaction with a Detector
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• 𝑑𝑠2 = −𝑐2𝑑𝑡2 + 1 + ℎ11 𝑑𝑥1 2

• 𝑑𝑡 =
1+ℎ11

𝑐
𝑑𝑥1 ≈ 1 +

1

2
ℎ11

𝑑𝑥1

𝑐

• 𝑇1 = 1 +
1

2
ℎ11

2𝐿0

𝑐
≡

2𝐿1

𝑐

• ℎ11 = 𝑢𝑖ℎ𝑖𝑗𝑢
𝑗

• 𝐿𝑢 = 𝐿0 1 +
1

2
ℎ𝑎𝑏𝑢

𝑎𝑢𝑏

• 𝐿𝑣 = 𝐿0 1 +
1

2
ℎ𝑎𝑏𝑣

𝑎𝑣𝑏

• ℎ =
𝐿𝑢−𝐿𝑣

𝐿0
= ℎ𝑎𝑏

𝑢𝑎𝑢𝑏−𝑣𝑎𝑣𝑏

2
= ℎ𝑎𝑏𝑑

𝑎𝑏

Ԧ𝑣
𝑢

Detector tensor



Antenna response function

• ℎ = ℎ𝑎𝑏𝑑
𝑎𝑏 = ℎ+𝑒+𝑎𝑏 + ℎ×𝑒×𝑎𝑏 𝑑𝑎𝑏 = ℎ+𝐹+ + ℎ×𝐹×

• 𝐹+ = 𝑑𝑎𝑏𝑒+𝑎𝑏 = 𝑑𝑎𝑏𝜀+𝑎𝑏 cos 2𝜓 + 𝑑𝑎𝑏𝜀×𝑎𝑏 sin 2𝜓

• 𝐹× = 𝑑𝑎𝑏𝑒+𝑎𝑏 = −𝑑𝑎𝑏𝜀+𝑎𝑏 sin 2𝜓 + 𝑑𝑎𝑏𝜀×𝑎𝑏 cos 2𝜓
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Inclination angle
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M. Purrer, etc., https://arxiv.org/abs/1409.2349

https://arxiv.org/abs/1409.2349
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Gravitational Waves
Detections



1915 General Relativity

1960s Webber's bar detector

1970s pulsar-neutron star discovery

O1: 2015/09/12~2016/01/19

3 BBH direct detection(GW150914, GW151012, GW151226)

O2: 2016/11/30~2017/08/25

7 BBH(GW170104, GW170608, GW170729, GW170809, GW170814, GW170818, GW170823) and

1 BNS(GW170817)

O3a : 2019/04/01~2019/09/30

O3b : 2019/11/01~2020/03/27(COVID-19 shutdown)

Around 40 events
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List of gravitational wave observations - Wikipedia

Brief history of GW Observations

PRX11, 021053(2021)

https://en.wikipedia.org/wiki/List_of_gravitational_wave_observations
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G2101209
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Image | Masses in the Stellar Graveyard: GWTC-2 + NSBHs (GW200105/GW200115) | LIGO Lab | Caltech

GWTC-2

https://www.ligo.caltech.edu/WA/image/ligo20210629b
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GW signal

GWOSC (gw-openscience.org)

https://www.gw-openscience.org/audiogwtc1/
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18 months Data Release
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How Data Obtained



Detector operation
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• Sampling rate
• 16384Hz:LIGO

• 20kHz:Virgo

• 16384Hz:KAGRA

• Valid range
• 10Hz~5kHz : LIGO

• 10Hz~8kHz : Virgo

• 10Hz~5kHz : KAGRA

Data Acquisition and Controls

Symmetric Port

Anti-symmetric Port



Generation of h(t)
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ℎ 𝑡 =
∆𝐿𝑓𝑟𝑒𝑒

𝐿

Keep interferometer at “operation” point
No difference appear dark point

𝑑𝑒𝑟𝑟 = 𝒞 ∆𝐿𝑓𝑟𝑒𝑒 + 𝑥𝑇 −𝒜𝑑𝑐𝑡𝑟𝑙
∆𝐿𝑓𝑟𝑒𝑒 = 𝒞−1𝑑𝑒𝑟𝑟 +𝒜𝑑𝑐𝑡𝑟𝑙 − 𝑥𝑇
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Data Analysis



Data Analysis

• GW signal is very weak ~10−22 − 10−24

• Matched filter for known waveform

• Detector characterization
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Data Analysis

Detector Characterization

• Noise identification

• Detector performance

Search

• Matched filter

• Masses, Distance, Sky location

Parameter Estimation

• Better accuracy

• Distribution
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Data Analysis Pipeline

GW strain

Trigger generation

Data quality

Source characterization

Environment

Significance

Parameters

2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves 43

Credit V. Raymond



Data flow
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Public Alert



Gravitational Wave Open Science Center gw-openscience.org

• Data Downloads

• Online courses

• Tutorials

• Documentation
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G2101351



Finding signals in noisy data
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Optimal Filter



Linear Optimal Filter
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ℎ 𝑡

𝑛 𝑡

𝑑 𝑡 = ℎ 𝑡 + 𝑛 𝑡

𝜀 𝑡 = ℋ 𝑑 𝑡 − ℎ 𝑡

minimize 𝜀2 𝐾(𝑓) ∝
ℎ 𝑓

𝑆𝑛 𝑓



Matched Filter
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•Correlate data with expected signal     (Here, plotting absolute value)

𝐶(𝑡) = න

−∞

∞

𝑑𝑡′ 𝑠(𝑡′) ℎ(𝑡′ − 𝑡)

Time

offset

Data

Template with time offset

G1400343

𝐶(𝑡) = 4 න

0

∞
ǁ𝑠(𝑓) ෨ℎ∗(𝑓)

𝑆𝑛(𝑓)
𝑒2𝜋𝑖𝑓𝑡𝑑𝑓
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Time Series Data
Nyquist Frequency



Some LIGO Data
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Odw4, GW190412



LIGO Data
• Discretely sampled time-series data

• Sampling rate (fs)

• h(t) – calibrated strain 
• ALSO: hundreds of “auxiliary” channels

• Recorded at 16384 Hz sample rate

• ~300 MB per hour

• Stored in .gwf “frame” files
• Also HDF5(Hierarchical Data Format version 5)
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Discrete Time Samples
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How many samples 
per cycle?

81.87 times



Discrete Time Samples
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How many samples 
per cycle?

5.12 times



Discrete Time Samples
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How many samples 
per cycle?

1.28 times
Aliasing occurs



Nyquist Frequency

• Nyquist Frequency = fs / 2
• Discretely sampled data with sampling rate fs can represent a 

continuous signal which only has frequency content below the 
Nyquist frequency 

• Data can only contain frequency content below the Nyquist 
frequency

• Higher frequency signals will be lost or “aliased” to lower 
frequencies
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Slide from Peter Shawhan

Noise is random, but its properties can be characterized
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Possible properties of noise
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Work in
Frequency Domain



How would you describe this function?

Time (s)

P
o
si
ti
o
n
 (
m

m
)
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=

Time (s)

3X

2X

1.5X
Amplitude -> Loudness -> “Power”

Frequency -> Pitch         

3*sin(2*pi*120*t) 

2*sin(2*pi*350*t) 

1.5*sin(2*pi*720*t) 

Noise in the time domain
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Time Domain

=h(t) – Position as a function of time

h(t) = 3  * sin(2*pi*120*t) + 
2  * sin(2*pi*350*t) +

1.5* sin(2*pi*720*t)

H(f) – Amplitude and phase  as a function of frequency

|H(120 Hz)| = 3
|H(350 Hz)| = 2
|H(720 Hz)| = 1.5
H(f)            = 0    otherwise

Frequency Domain

Fourier Transform     

Time (s) Frequency (Hz) 
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Key Concept

Any function can be represented as a sum of sine waves.  

h(t) = A1 sin (ω1t + φ1)   +   A2 sin (ω2t + φ2) … 

In the “frequency domain”, we are plotting the 
amplitudes (or phases) of each of these sine 
waves.

|H(ωn)| = An
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Fourier Transform is used to represent 
data in the frequency domain

2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves 63

Efficient way to calculate complete discrete Fourier Transform: 
Fast Fourier Transform (FFT)



Power Spectral Density
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Slide from P. Shawhan

𝑛 𝑓 𝑛∗(𝑓′) = 𝛿 𝑓 − 𝑓′ 𝑆𝑛(𝑓)



Estimating the PSD
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Slide from P. Shawhan



PSD Estimation

• Welch average: XLALREAL8AverageSpectrumWelch()

• Median selection: XLALREAL8AverageSpectrumMedian()
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Spectral lines

ASD of some LIGO noise 
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Large range!



Data Analysis
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Window and power leakage
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Window function - Wikipedia

https://en.wikipedia.org/wiki/Window_function


• GW150914
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Spectrum
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h(t) graph
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KAGALI h(t) data
Window function : Tukey with 5% padding
Strain data : L-L1_LOSC_16_V1-1126256640-4096.gwf
Channel : L1:GWOSC-16KHZ_R1_STRAIN
Trigger time : 1126259462
Segment length : 16s



Spectrum
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LALSuite and KAGALI h(f) comparison
Window function : Tukey with 0.4 sec padding
Strain data : L-L1_LOSC_16_V1-1126256640-4096.gwf
Channel : L1:GWOSC-16KHZ_R1_STRAIN
Trigger time : 1126259462
Segment length : 16s



Phase
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LALInferenceReadData.c

• LALInferenceReadData()
• Read data file or generate fake data

• Read PSD data file or generate from strain data

• Resample as required sample rate

• Windowing the time data

• Generate frequency domain data using FFT

• Generate whiten data in frequency and time
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Time relations

• --trigtime : This option specifies the trigger time at geocenter, 
this time is same as injection time in injection table

• ifo->epoch : this time is segment start time TRIG_MARGIN(=2)

SegmentLength(ifo->seglen)

Trigger time

Segment start time(ifo->epoch)
t=0 point for time series data

Timeshift = timedelay

SegmentLength – TRIG_MARGIN
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Timedelay

Timedelay

Geocenter
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CBC Signal



CBC: Compact Binary Coalescence
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CBC Waveform
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Inspiral

Merger and
ringdown

GW Frequency = 2X Orbital Frequency



Frequency domain
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Lots of signal energy at 
low frequencies

Less signal energy at 
high frequencies

”Cut-off” around the 
merger frequency



Spectrogram (Q-transform)
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How long is the waveform?

• Black holes orbit more millions (or billions) of years.

• But, LIGO only “sees” events for a few seconds or less.  Why?
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LIGO Noise Cartoon
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LIGO Noise Cartoon
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High frequency noise
Uncertainty in number of 
photons



LIGO Noise Cartoon
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High frequency noise
Uncertainty in number of 
photons

Mid-frequencies
Thermal noise



LIGO Noise Cartoon
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High frequency noise
Uncertainty in number of 
photons

Mid-frequencies
Thermal noise

Low frequencies
Controls noise, 
radiation pressure, and seismic



What frequency is LIGO most sensitive?
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What frequency is LIGO most sensitive?
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”The Bucket”
~100 – 300 Hz



You can see resonant frequencies!

2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves 90

Beam splitter suspensions
300 Hz

“Violin” modes
500 Hz & 1000 Hz



What happens at low frequencies?
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Time-frequency analysis and stationary

• Long-term

• Short-term: glitches

• AC lines
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Stationarity test

• Continuous Wavelet transform(scalogram)
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GPS 1165067917



Wilson-Hilferty transfrom

• Transform Chi-square of many degree of freedom to standard 
one
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𝑊 𝑌 =

𝑌
𝑛

1/3

− 1 −
1
9

2
𝑛

1
9

2
𝑛



Wilson-Hilferty transform
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GPS 1186741733
p-value: 0.74



Wilson-Hilferty transform
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GPS 1166358283
p-value: 2.6 × 10−6
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Parameter Estimation
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Bayesian Inference



Bayesian Method

• Question: “What is the distribution of parameters for the 
given observed data?”
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Experiment on Laboratory
• Question: “What is the distribution of parameters from data 
taken with many identical experiments?”
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Identical Experiments Data Process Parameters



Classical vs. Bayesian Statistical Inference

Model Experiments Confidence 
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Classical Inference



Classical vs. Bayesian Statistical Inference

Model

Data 

Generation
Distribution
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Bayesian Inference



The Likelihood Function

• Data Likelihood represents a quantitative description of our 
measuring process.
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Understand 

Device

Calculate 

Probability



The Likelihood Function
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ℵ 𝜇, 𝜎

Observe
𝑥𝑖:

1

2𝜋𝜎
𝑒
−

𝑥𝑖−𝜇
2

2𝜎2

The probability of the data given the model

Likelihood is a function of x for given model

Likelihood is a function of model parameters for given data



Essence of the Bayesian Idea

• Bayes’ rule(theorem)

• Improved belief is the product of initial belief and the 
probability that initial belief generate the observed data
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𝑝 𝑀,𝐷 = 𝑝 𝑀 𝐷 𝑝 𝐷 = 𝑝 𝐷 𝑀 𝑝(𝑀)



How related 
Prior, 
Likelihood,
Posterior
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Summary of the Bayesian statistical 
inference
1. Formulation of Likelihood 𝑝(𝐷|𝑀, 𝐼)

2. The choice of prior 𝑝( Ԧ𝜃|𝑀, 𝐼)

3. Determination of posterior pdf 𝑝(𝑀|𝐷, 𝐼)

4. Maximum posteriori estimation(MAP) 
posterior mean ҧ𝜃 =  𝜃𝑝 𝜃 𝐷 𝑑𝜃

𝑝 𝜃 𝐷 = 𝑝 Ԧ𝜃 𝐷 𝑑𝜃′ , marginalization over all other parameters

5. Quantification of uncertainty in parameters

6. Hypothesis test about the model or parameters
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Comparison of Classical and Bayesian

Classical Bayesian Note

𝑝 𝐷 𝑀 𝑝 𝐷 𝑀 same

Find maximum 𝑝 𝐷 𝑀 value Choose prior 𝑝(𝑀)

Determine posterior 𝑝 𝑀 𝐷

Determine confidence level Marginalize to determine value

Determine confidence level

Hypothesis test Hypothesis test same but different way
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Bayesian Priors

• How do we choose prior 𝑝( Ԧ𝜃|𝑀, 𝐼)
• Knowledge extracted from prior measurements

• Different measurement with a new data

• Informative priors : information based on the other measurement
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• Information

• Data0

Posterior0

• Data1

Posterior1
• Data2

Posterior2
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• How probable the parameters for given observation

• Bayesian Inference[PRD.91.042003]

• ℘ 𝜃 𝑥 =
℘ 𝜃,𝑥

℘ 𝑥
=

℘(𝑥|𝜃)℘ 𝜃

 ℘(𝑥|𝜃)℘ 𝜃 𝑑𝜃

• ℘ 𝜃, 𝑥 = ℘ 𝑥 𝜃 ℘ 𝜃 = ℘ 𝜃 𝑥 ℘ 𝑥

• 𝜃 : unobservable model parameters

• 𝑥 : observable data

• ℘ 𝜃, 𝑥 : Joint probability observing data 𝑥 with model parameter 𝜃

• ℘ 𝑥 𝜃 ∝ 𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, probability detecting signal 𝑥 with 𝜃

• Metropolis-Hasting Algorithm, 106~107 samples

• Extract some independent samples

Parameter Estimation
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Parameter Estimation(MCMC)

• Determine posterior ℘ 𝜃 𝑥 with some methods

• Need to know priors for a given parameter set 𝜃

• ℘ 𝜃 : priors for a given 𝜃

• All physical priors are assumed to be 1( a priori we don’t know)

• Distance prior

• Mass prior
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Distance Prior

• Sources are uniformly distributed over space

• Sample position should be generated uniformly over space

1. 𝑑𝑉 = 𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜙 = −𝑟2𝑑𝑟𝑑𝜇𝑑𝜙, 𝜇 = cos 𝜃
• Generate 𝑟~ 𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥 , 𝜇~ −1,1 , 𝜙~[0, 2𝜋]

• ℘ 𝑟 = 𝑟2

2. 𝑑𝑉 = −𝑟2𝑑𝑟𝑑𝜇𝑑𝜙 = −𝑟3𝑑 ln 𝑟 𝑑𝜇𝑑𝜙, 𝜇 = cos 𝜃
• Generate ln 𝑟 ~ ln 𝑟𝑚𝑖𝑛 , ln 𝑟𝑚𝑎𝑥 , 𝜇~ −1,1 , 𝜙~ 0, 2𝜋

• ℘ 𝑟 = 𝑟3
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Mass Prior

• Sources are uniformly distributed over 𝑚1, 𝑚2

• Sample masses should be generated uniformly over mass ranges

1. 𝑑𝑚1𝑑𝑚2 = 𝑚𝑐 1 + 𝑞 2/5𝑞−6/5𝑑𝑚𝑐𝑑𝑞
• Generate 𝑚𝑐~ 𝑚𝑐

𝑚𝑖𝑛, 𝑚𝑐
𝑚𝑎𝑥 , 𝑞~[0,1]

• ℘ 𝑚𝑐 , 𝑞 =
𝑚1
2

𝑚𝑐
= 𝑚𝑐 1 + 𝑞 2/5𝑞−6/5

2. 𝑑𝑚1𝑑𝑚2 =
𝑚1+𝑚2

2

𝑚1−𝑚2 𝜂−3/5
𝑑𝑚𝑐𝑑𝜂 =

𝑚𝑐 1+ 1−4𝜂

1−4𝜂+ 1−4𝜂
𝑑𝑚𝑐𝑑𝜂

• Generate 𝑚𝑐~ 𝑚𝑐
𝑚𝑖𝑛, 𝑚𝑐

𝑚𝑎𝑥 , 𝜂~[0,0.25]

• ℘ 𝑚𝑐 , 𝜂 =
𝑚𝑐 1+ 1−4𝜂

1−4𝜂+ 1−4𝜂
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𝑚𝑐 =
𝑚1𝑚2

3/5

𝑚1+𝑚2
1/5

𝑞 =
𝑚2

𝑚1

𝜂 =
𝑚1𝑚2

𝑚1+𝑚2
2

Singular at 𝜂 = 0.25 or 𝑚1 = 𝑚2
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•Likelihood 

log ℒ = −
1

2
𝑑 − ℎ 𝑑 − ℎ = −

1

2
𝑑 𝑑 + 𝑑 ℎ −

1

2
ℎ ℎ

•Gaussian noise assumption

•℘ 𝑥 𝜃 = ℒ(𝑥|𝜃)

Likelihood Calculation
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• Use few chains with different temperature

• Use likelihood  ℒ 𝑠 𝜃
1

𝑇, 𝑇 > 1

• 𝑇𝑚𝑎𝑥 =
𝑁𝑒𝑡𝑤𝑜𝑟𝑘 𝑆𝑁𝑅 2

𝑛𝑝𝑎𝑟

• Improve convergence and mixing

• The higher temperature,  the smoother distribution

Parallel Tempering
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𝑇 > 1
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Inner Product

• 𝑎 𝑏 ≡ 4ℜ0
∞ 𝑎 𝑓 ෨𝑏∗ 𝑓

𝑆(𝑓)
𝑑𝑓

• 𝑎 𝑏 = 2ℜ−∞
∞ 𝑎 𝑓 ෨𝑏∗ 𝑓

𝑆( 𝑓 )
𝑑𝑓= ∞−

∞ 𝑎 𝑓 ෨𝑏∗ 𝑓 + 𝑎∗ 𝑓 ෨𝑏 𝑓

𝑆( 𝑓 )
𝑑𝑓

• 𝑝𝑥 𝑥(𝑡) ∝ 𝑒− 𝑥 𝑥 /2

• We can consider each frequency bin distributed as

• 𝑝𝑥 𝑥(𝑓) =
1

2𝜋

4∆𝑓

𝑆𝑥(𝑓)
𝑒
−
1

2

𝑥(𝑓) 2∆𝑓

𝑆𝑥(𝑓)/4
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∆𝑓 =
1

𝑇



Likelihood(definition)

• ℘ 𝑑 𝜃 : probability detecting signal 𝑑 with 𝜃

• Probability of the signal 𝑑 contains template ℎ 𝜃
• If 𝒅 contains template 𝒉 𝜽 , then 𝒅 − 𝒉 is purely noise

• ℘ 𝑑 − ℎ 𝜃 = ℘ 𝑛 𝜃

• 𝑝𝑑 ሚ𝑑 𝑓𝑗 − ෨ℎ 𝑓𝑗 =
1

2𝜋

4∆𝑓

𝑆𝑛(𝑓𝑗)
𝑒
−
1

2

෩𝑑 𝑓𝑗 −෩ℎ 𝑓𝑗
2
∆𝑓

𝑆𝑛(𝑓𝑗)/4

• ℘ 𝑑 𝜃 = ς𝑗=0
𝑁−1 1

2𝜋

4∆𝑓

𝑆𝑛(𝑓𝑗)
𝑒
−
1

2

෩𝑑 𝑓𝑗 −෩ℎ 𝑓𝑗
2
∆𝑓

𝑆𝑛(𝑓𝑗)/4 ∝ 𝑒− 𝑑 − ℎ 𝑑 − ℎ /2
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Likelihood(properly normalized)

• ℘ 𝑑 𝜃 = ς𝑗=0
𝑁−1 1

2𝜋

4∆𝑓

𝑆𝑛(𝑓𝑗)
𝑒
−
1

2

෩𝑑 𝑓𝑗 −෩ℎ 𝑓𝑗
2
∆𝑓

𝑆𝑛(𝑓𝑗)/4

• ℘ 𝑑 𝜃 = ς𝑗=0
𝑁−1 1

2𝜋

4∆𝑓

𝑆𝑛(𝑓𝑗)
𝑒
−
1

2
σ𝑗=0
𝑁−1

෩𝑑 𝑓𝑗 −෩ℎ 𝑓𝑗
2
∆𝑓

𝑆𝑛(𝑓𝑗)/4

• ln℘ 𝑑 𝜃 = −
1

2
σ𝑗=0
𝑁−1

෨𝑑 𝑓𝑗 −෩ℎ 𝑓𝑗
2
∆𝑓

𝑆𝑛 𝑓𝑗 /4
−

1

2
σ𝑗=0
𝑁−1 ln

2𝜋𝑆𝑛 𝑓𝑗

4∆𝑓

• ln℘ 𝑑 𝜃 = σ𝑗=0
𝑁−1 −

2 ෨𝑑 𝑓𝑗 −෩ℎ 𝑓𝑗
2
∆𝑓

𝑆𝑛 𝑓𝑗
−

1

2
ln

𝜋𝑆𝑛 𝑓𝑗

2∆𝑓
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•Likelihood 

log ℒ = −
1

2
𝑑 − ℎ 𝑑 − ℎ = −

1

2
𝑑 𝑑 + 𝑑 ℎ −

1

2
ℎ ℎ

•Gaussian noise assumption

•℘ 𝑑 𝜃 = ℒ(𝑑|𝜃)

Likelihood Calculation (used)
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𝑗=0

𝑁−1

−
2 ሚ𝑑 𝑓𝑗 − ෨ℎ 𝑓𝑗

2
∆𝑓

𝑆𝑛 𝑓𝑗



Overlap

• 𝒪 ℎ1, ℎ2 =
ℎ1 ℎ2

ℎ1 ℎ1 ℎ2 ℎ2

• 𝑆𝑁𝑅 = ℎ ℎ
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PRD88, 123039(2013)



Markov Chain Monte Carlo
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Markov Chain
Monte Carlo



Markov Process

• Definition
• Number of state at any time is finite

• Next sate depends only on the current state

• Any state could be arrived from any state

• System does not have deterministic cycle

• Transition kernel 𝑃(𝑋𝑡 → 𝑋𝑡+1) constant

• Ergodicity
• Any Markov Process converge to a unique statistical equilibrium

from any state
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Detailed Balance

• At statistical equilibrium, probability of state should not change
• 𝜋 𝑋𝑡 𝑃 𝑋𝑡 → 𝑋𝑡+1 = 𝜋 𝑋𝑡+1 𝑃 𝑋𝑡+1 → 𝑋𝑡

•
𝑃 𝑋𝑡→𝑋𝑡+1

𝑃 𝑋𝑡+1→𝑋𝑡
=

𝜋 𝑋𝑡+1

𝜋 𝑋𝑡

• Practical implementation
• Proposal : 𝑞 𝑋𝑡 → 𝑋𝑡+1
• Acceptance : 𝛼 𝑋𝑡 → 𝑋𝑡+1
• 𝑃 𝑋𝑡 → 𝑋𝑡+1 = 𝑞 𝑋𝑡 → 𝑋𝑡+1 𝛼 𝑋𝑡 → 𝑋𝑡+1
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Detailed Balance

• Detailed balance condition acquired if

•
𝑃 𝑋𝑡→𝑋𝑡+1

𝑃 𝑋𝑡+1→𝑋𝑡
=

𝑞 𝑋𝑡→𝑋𝑡+1 𝛼 𝑋𝑡→𝑋𝑡+1

𝑞 𝑋𝑡+1→𝑋𝑡 𝛼 𝑋𝑡+1→𝑋𝑡
=

𝜋 𝑋𝑡+1

𝜋 𝑋𝑡

•
𝛼 𝑋𝑡→𝑋𝑡+1

𝛼 𝑋𝑡+1→𝑋𝑡
=

𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1

• Choose next state with probability

• 𝛼 𝑋𝑡 → 𝑋𝑡+1 = min 1,
𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1
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Detailed Balance Proof

• 𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1 → 𝑋𝑡 > 𝜋 𝑋𝑡 𝑞 𝑋𝑡 → 𝑋𝑡+1 case

• 𝛼 𝑋𝑡 → 𝑋𝑡+1 = min 1,
𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1
= 1

• 𝛼 𝑋𝑡+1 → 𝑋𝑡 =
𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1

𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

•
𝛼 𝑋𝑡→𝑋𝑡+1

𝛼 𝑋𝑡+1→𝑋𝑡
=

𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1
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Detailed Balance Proof

• 𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1 → 𝑋𝑡 < 𝜋 𝑋𝑡 𝑞 𝑋𝑡 → 𝑋𝑡+1 case

• 𝛼 𝑋𝑡 → 𝑋𝑡+1 =
𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1

• 𝛼 𝑋𝑡+1 → 𝑋𝑡 = min 1,
𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1
= 1

•
𝛼 𝑋𝑡→𝑋𝑡+1

𝛼 𝑋𝑡+1→𝑋𝑡
=

𝜋 𝑋𝑡+1 𝑞 𝑋𝑡+1→𝑋𝑡

𝜋 𝑋𝑡 𝑞 𝑋𝑡→𝑋𝑡+1
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(68) (ML 18.6) Detailed balance (a.k.a. Reversibility) - YouTube

https://www.youtube.com/watch?v=xxDkdwQdGvs


Metropolis Algorithm

• 𝛼 𝑋𝑡 → 𝑋𝑡+1 = min 1,
𝜋 𝑋𝑡+1

𝜋 𝑋𝑡
: acceptance rate

• Metropolis Algorithm is for the case of 𝑞 𝑋𝑡 → 𝑋𝑡+1 = 𝑞 𝑋𝑡+1 → 𝑋𝑡
• 𝑞 𝑋𝑡 → 𝑋𝑡+1 Gaussian distribution centered at 𝑋𝑡
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Metropolis-Hasting Algorithm

• 𝛼 𝑋𝑡 → 𝑋𝑡+1 = min 1,
𝜋 𝑋𝑡+1 𝑞(𝑋𝑡+1→𝑋𝑡)

𝜋 𝑋𝑡 𝑞(𝑋𝑡→𝑋𝑡+1)
: acceptance rate

• One can choose arbitrary appropriate 𝑞 𝑋𝑡 → 𝑋𝑡+1 for the 
target problem
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MCMCs
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Assumptions on PE Likelihoods
[Creighton Chap.7, PRD.91.042003, PRD.85.122006]

• Noise is stationary and Gaussian

• No correlation between time bins

• No correlation between frequency bins

• Residual signal should be noise only for matched case
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Sample Output of PE
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Essence of the Parameter Estimation
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Various PE methods
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Nested Sampling



Nested sampling
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Nested sampling algorithm(static)
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Nested sampling algorithm(Dynamic)
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Bilby



Bilby(a user-friendly Bayesian inference library)

• Welcome to bilby’s documentation! — bilby 1.1 documentation 
(ligo.org)

• Arxiv:1811.02042

• Arxiv:2006.00714

• Anaconda environment
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https://lscsoft.docs.ligo.org/bilby/index.html


Example Gaussian
• Data : 𝑁(3,4)
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Example Gaussian 
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N=100, L=10 N=100, L=100



Example Gaussian 
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N=10000, L=100N=10000, L=10



PyCBC Inference

• Python toolkit for CBC analysis (https://github.com/ligo-cbc/pycbc)
• Workflows

• Waveform generations

• PSD estimation

• Matched filtering

• Offline PyCBC coincidence search
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https://github.com/ligo-cbc/pycbc


Workflow topology

147

pycbc_make_inference_workflow data1 datan

pycbc_inference

Run MCMC sampler

pycbc_inference_plot_prior

Plots priors
pycbc_inference_plot_posterior

2-D histograms posteriors

pycbc_inference_plot_samples

Plots samples

pycbc_inference_plot_acf

Plots autocorrelation function
pycbc_inference_plot_acl

Histograms autocorrelation leng
thpycbc_inference_plot_acceptance_rate

Plots fraction of samples accept
ed

pycbc_inference_table_summary

Lists results in table

pycbc_make_html_page

Creates HTML page

… Configuration

pycbc_plot_spectrum

Plots PSD

• Schematic of the PyCBC
inference workflow. The 
workflow has an 
executable that handles 
the sampling followed by 
a few post-processing 
executables.

G1601523
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Sampler, waveform, and prior choices

148

PriorEvaluator

Computes the prior for all parameters 
at a point.

Distribution

Creates a prior distribution for a subse
t of parameters (uniform, Gaussian).

Sampler

Controls the MCMC (kombine).

LikelihoodEvaluator

Returns the likelihood and prior for a 
set of points.

FrameGenerator

Applies time shift and antenna pattern 
to waveform.

Generator

Generates waveform (TD, FD, Ringdow
n).

• Samplers:

• Kombine (MCMC)

• Waveform generators:
• Time-domain CBC
• Frequency-domain CBC
• Ringdown

• Priors:
• Uniform
• Uniform angle
• Uniform sky position
• Sine and cosine
• Gaussian

• The graphic on the 
right shows the PyCBC
inference classes for 
sampling.
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Rapid Iterative Fitting(RIFT) for inference
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G2100564

GitHub - oshaughn/RIFT_tutorials: RIFT tutorials

Extrinsic/Intrinsic parameter separation

https://github.com/oshaughn/RIFT_tutorials


RIFT example
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Summary

• Enough independent samples following selected posterior 
distribution

• LALInference
• Monte Carlo Markov Chain(MCMC)

• Nested Sampling

• Bilby
• Many sampling methods implemented Python library

• PyCBC Inference
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PESummary



PESummary(post process)

• PESummary | Home — PESummary 0.12.1+46.gfa604f0.dirty 
documentation (ligo.org)

• PESummary: the code agnostic Parameter Estimation 
Summary page builder (arxiv.org)
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https://docs.ligo.org/lscsoft/pesummary/stable_docs/index.html
https://arxiv.org/pdf/2006.06639.pdf


PESummary Example(GW190814)
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Run in anaconda
https://dcc.ligo.org/DocDB/0168/P2000183/010/GW190814_posterior_samples.html

PESummary | Home — PESummary 0.12.1+46.gfa604f0.dirty documentation (ligo.org)

https://docs.ligo.org/lscsoft/pesummary/stable_docs/index.html


PESummary Example
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PESummary Example
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PESummary Example
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fig = _make_corner_plot(posterior_samples, GWlatex_labels, corner_params)
plt.show()
corner_params : ['mass_1', 'mass_2', 'chirp_mass', 'mass_ratio', 'luminosity_distance']



PESummary Example
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PESummary example
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PESummary example
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It takes long time, 300s/iteration, 200 iterations ~ 20hrs



PESummary Example
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PESummary Example(legacy)
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pesumamry_legacy.py



PESummary Example(legacy)

2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves 163



2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves 164

Fisher Information
Matrix



Fisher information matrix

• Likelihood 𝑝 𝑀 𝐷 ∝ 𝑒−
1

2
𝐿𝑝

• log-Likelihood ln 𝑝 𝑀 𝐷 ∝ −
1

2
𝐿𝑝 Ԧ𝜃, 𝐷

• Taylor expansion around peak parameter መ𝜃

• ln 𝑝 𝑀 𝐷 ∝ −
1

2
𝐿𝑝 Ԧ𝜃, 𝐷 = −

1

2
𝐿𝑝 መ𝜃, 𝐷 −

1

2

𝜕𝐿𝑃 𝜃,𝐷

𝜕𝜃𝑗
𝜃𝑗 − መ𝜃𝑗 −

1

2

1

2

𝜕2𝐿𝑃 𝜃,𝐷

𝜕𝜃𝑗𝜕𝜃𝑘
𝜃𝑗 − መ𝜃𝑗 𝜃𝑘 − መ𝜃𝑘 +⋯ = −

1

2
𝐿𝑝 መ𝜃, 𝐷 −

1

2

1

2

𝜕2𝐿𝑃 𝜃,𝐷

𝜕𝜃𝑗𝜕𝜃𝑘
𝜃𝑗 − መ𝜃𝑗 𝜃𝑘 − መ𝜃𝑘 +⋯
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Likelihood for Data Fitting

• Measured values 𝑦𝑖𝑏 with Gaussian Error Distribution

• 𝜒2 = σ𝑖=1
𝐵 σ𝑖𝑏

𝑓𝑏 𝜃 −𝑦𝑖𝑏

2

𝜎𝑏
2

• Observation probability of data 𝑦𝑖𝑏 if parameter is 𝜃

• 𝑃 𝑦𝑖𝑏|𝜃 ∝ 𝑒−
1

2
𝜒2 : Likelihood 

• If one assume uniform prior for parameters, Bayes’ theorem says

• 𝑃 𝜃|𝑦𝑖𝑏 = 𝑃 𝑦𝑖𝑏|𝜃
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Super Novae Data

• Number of bins ~ number 
of observed red-shift values

• 𝑓𝑏 𝑝 ~ fitting function for 
each observation bins

• 𝑦𝑖𝑏 ~ observed data set for 
each observation bins : 
distance

167SNLS : SuperNova Legacy Survey (cea.fr)2021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves

http://irfu.cea.fr/en/Phocea/Vie_des_labos/Ast/ast_technique.php?id_ast=2289


Baryon Acoustic Oscillation

• Number of bins ~ 
number of observed 
angular frequency

• 𝑓𝑏 𝑝 ~ fitting function 
for each observation 
bins

• 𝑦𝑖𝑏 ~ observed data 
set for each 
observation bins : 
amplitude

168
Planck 2018 results - V. CMB power spectra and likelihoods | Astronomy & Astrophysics (A&A) (aanda.org)
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https://www.aanda.org/articles/aa/full_html/2020/09/aa36386-19/F57.html


Galaxy Cluster Counter
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https://arxiv.org/ftp/astro-ph/papers/0609/0609591.pdf


Weak Lensing

170

Microsoft Word - DETF_Final.doc (arxiv.org)
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Fisher Matrix

• 𝜒2(𝜃) = 𝜒2 +
𝜕𝜒2

𝜕𝜃𝑗
𝛿𝜃𝑗 +

1

2

𝜕2𝜒2

𝜕𝜃𝑗𝜕𝜃𝑘
𝛿𝜃𝑗𝛿𝜃𝑘 +⋯

• ∙ means evaluate at extreme parameter 𝜃0

•
𝜕𝜒2

𝜕𝜃𝑗
𝜃0

= 0

• 𝜒2(𝜃) = 𝜒2 +
1

2

𝜕2𝜒2

𝜕𝜃𝑗𝜕𝜃𝑘
𝛿𝜃𝑗𝛿𝜃𝑘 +⋯ = 𝜒2 + 𝐹𝑗𝑘𝛿𝜃𝑗𝛿𝜃𝑘 +⋯

• 𝐹𝑗𝑘 =
1

2

𝜕2𝜒2

𝜕𝜃𝑗𝜕𝜃𝑘
= σ𝑏

𝑁𝑏

𝜎𝑏
2

𝜕𝑓𝑏

𝜕𝜃𝑗

𝜕𝑓𝑏

𝜕𝜃𝑘
proportional to gradient of measure function
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Example Simulation

• We want to fit a data with 𝑦 = 𝑎𝜃

• Sample Data is generated as follows

• 𝑦𝑖 = 𝑎𝜃𝑖 + 𝑁(𝑎𝜃𝑖 , 𝜎𝑖)

• Each data point 𝑦𝑖 is average of 𝑁𝑖 random variable 𝑟 = 𝑎𝜃𝑖 +
𝑁(𝑎𝜃𝑖 , 𝜎𝑖)

• 𝜎𝑖 vary in range 𝑠0, 𝑠1
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Example Simulation
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𝑎 = 1, 𝑠0 = 0.1, 𝑠1 = 0.3
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𝑎 = 1, 𝑠0 = 0.1, 𝑠1 = 0.5
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𝑎 = 1, 𝑠0 = 0.5, 𝑠1 = 0.8
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𝑎 = 1, 𝑠0 = 1.0, 𝑠1 = 3.0
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Comparison

• Fisher matrix value is 
curvature of chi-square 
curves 
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Comparison
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Fisher Matrix

• 𝐹𝑗𝑘 = −
𝜕2 ln 𝑝 𝑀 𝐷

𝜕𝜃𝑗𝜕𝜃𝑘

• Cramer-Rao lower bound

• 𝛿𝜃𝑗𝛿𝜃𝑘 ≥ 𝐹−1 𝑗𝑘 it is same for Gaussian
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𝜒2 distribution



𝜒2 distribution

• Let 𝑥 is a random number of standard normal distribution

• pdf of 𝑥 is 
1

2𝜋
𝑒−

𝑥2

2

• Suppose that 𝑦 = 𝑥2

• What is the pdf of 𝑦?

• Let 𝑦 = 𝑔(𝑥) and pdf of 𝑥 is 𝑓𝑋(𝑥)

• How to find pdf of 𝑦, 𝑓𝑌(𝑦)
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𝜒2 distribution

• 𝑥 = 𝑔−1(𝑦), since 𝑦 = 𝑔(𝑥) monotonic function

• 𝑑𝑥 =
𝑑𝑔−1(𝑦)

𝑑𝑦
𝑑𝑦

• Distribution of 𝑥 is 𝑓𝑋 𝑥 𝑑𝑥

• 𝑓𝑋 𝑥 𝑑𝑥 = 𝑓𝑋 𝑔−1(𝑦)
𝑑𝑔−1(𝑦)

𝑑𝑦
𝑑𝑦=𝑓𝑌 𝑦 𝑑𝑦

• Hence 𝑓𝑌 𝑦 = 𝑓𝑋 𝑔−1(𝑦)
𝑑𝑔−1(𝑦)

𝑑𝑦

• If 𝑔 𝑥 = 𝑥2, then 𝑥 = 𝑔−1 𝑦 = ± 𝑦, 𝑦 ≥ 0

• 𝑓𝑌 𝑦 = 2𝑓𝑋 𝑔−1(𝑦)
𝑑𝑔−1(𝑦)

𝑑𝑦
=

2

2𝜋
𝑒−

𝑦

2
𝑑 𝑦

𝑑𝑦
=

1

2 𝜋
𝑦−

1

2𝑒−
𝑦

2 , 𝜒1
2 distribution
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𝜒2 distribution

• 𝑦 = 𝑥2 and 𝑥~𝑁(0,1)

• 𝑦 < 0, 𝑃 𝑌 < 𝑦 = 0

• 𝑦 ≥ 0, 𝑃 𝑌 < 𝑦 = 𝑃 𝑋2 < 𝑦 = 𝑃 𝑋 < 𝑦 = 𝑃 − 𝑦 < 𝑋 < 𝑦 =

𝐹𝑋 𝑦 − 𝐹𝑋 − 𝑦 = 𝐹𝑋 𝑦 − 1 − 𝐹𝑋 𝑦 = 2𝐹𝑋 𝑦 − 1

• 𝑓𝑌 𝑦 =
𝑑

𝑑𝑦
𝑃 𝑌 < 𝑦 = 2

𝑑

𝑑𝑦
𝐹𝑋 𝑦 = 2

𝑑

𝑑𝑦
∞−

𝑦 1

2𝜋
𝑒−

𝑡2

2 𝑑𝑡 =
2

2𝜋
𝑒−

𝑦

2
𝑑 𝑦

𝑑𝑦
=

1

2 𝜋
𝑦−

1

2𝑒−
𝑦

2 =
1

21/2Γ
1

2

𝑦−
1

2𝑒−
𝑦

2

1842021-08-18 2021 Summer School on Numerical Relativity and Gravitational Waves



𝜒2 distribution

• 𝑦𝑖 = 𝑥𝑖
2, 𝑄 = σ𝑖=1

𝑘 𝑦𝑖 = σ𝑖=1
𝑘 𝑥𝑖

2,  𝑥𝑖~𝑁(0,1)

• pdf of 𝑄 is 𝜒𝑘
2, 𝜒2 distribution with 𝑘 degrees of freedom
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𝜒2 distribution

186

Chi-square distribution - Wikipedia
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Pearson’s chi-squared(𝜒2) test

187

𝑥𝑖

𝑦𝑖

𝑀, 𝜃 𝑥

Detector

how likely it is that any 

observed difference 

between the sets arose by 

chance?

Answer

Karl Pearson 1900
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Pearson’s chi-squared(𝜒2) test process

1. Calculate 𝜒2, sum of squared deviation between observed and 
theoretical values

2. Determine the degrees of freedom(dof)
1. Goodness-of-fit : number of observations – number of parameters

3. Select level of confidence

4. Compare 𝜒2 to critical value for given dof and confidence level

5. Sustain or reject the null hypothesis. 𝜒2 > critical : reject 𝐻0, 
𝜒2 < critical : sustain 𝐻0, but not necessarily accepted
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Pearson’s chi-squared(𝜒2) test process

189

𝑥𝑖

𝑦𝑖

𝑀, 𝜃 𝑥

Detector

Theoretical expectation

국가슈퍼컴퓨팅센터 (ksc.re.kr)

𝜒2, ν, 𝜒𝑐
2, 𝑝, 𝛼

𝜒2 < 𝜒𝑐
2 sustain 𝐻0 Data is 

describing the theory but 
not definitely

𝜒2 > 𝜒𝑐
2 reject 𝐻0 Data is 

not describing the theory
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Pearson’s chi-squared(𝜒2) test

• 𝜒2 = σ
𝑦𝑖−𝑦 𝑥𝑖

2

𝜎𝑖
2

• 𝜒𝜈
2 =

𝜒2

𝜈
=

𝑠2

𝜎𝑖
2

• 𝑠2 =
1

𝑁−𝑚
σ𝑤𝑖 𝑦𝑖 − 𝑦 𝑥𝑖

2

• 𝑤𝑖 =
1/𝜎𝑖

2

1/𝑁 σ 1/𝜎𝑖
2
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Other kind of test

• Kolmogorov-Smirnov test
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https://en.wikipedia.org/wiki/Kolmogorov%E2%80%93Smirnov_test


Other kind of test

• Anderson-Darling test

• Kuiper’s test

• Shapiro-Wilk test

• Jarque-Bera test

• Goodness of fit
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Thanks!
Questions?


