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1 Preliminaries

¢ = 1: natural unit

8rG =1

a,b,c,---: abstract indices [3]
wyv, -0 0,1,2.3

i,5,k,---: 1,23

Lower case letter: spacetime tensors

Upper case letter: spatial tensors (exceptions: induced metric 7, induced Levi-Civita connection €)

Letter convention: [2]
Approach: [I]

2 Geometrical Quantities

2.1 Given Structure

Let us consider a globally hyperbolic spacetime (M, g) with a time function ¢ whose level surface ¥; is spacelike Cauchy
surface (see Chapter 10 in [3]). We assume that ¢ increases along any future directed timelike path. For any timelike vector

v,
{v (t) >0 :wvis future directed

v(t) <0 :wvis past directed

2.2 Normal Vector
The graident dt is timelike:

g (dt), (dt), < 0.
We define lapse N, which is normalization factor for dt, as
1
—g°* (dt), (dt),

N

The normal vector n is defined as a vector that is metric dual to dt and unit given by
n* = —Ng® (dt), .

The minus sign was chosen so that n is future directed:

=Nt
>0
2.3 Projections
For an arbitrary vector v, projection onto n is given by
vﬁ = —n’nyod.

(1)



The minus sign is required because n is timelike. It is justified by
navﬁ = —nan®nyo’
= ngv°.
A vector v is temporal if and only if v* = —n%nyv’.
Let us consider orthogonal projection of v onto ¥; given by
v] =v* — vﬁ
= v 4 nnyv’
= (0% + n®ny) v°.
It suggests defining an orthogonal projector given by
¥4 = 0% +nnp.

The orthogonal projector is orthogonal to n, has trace of 3, and is idempotent:

Vpna =0, (15)
7% nt =0, (16)
7 =3, (17)
Y =7"%- (18)
A vector is spatial if and only if v* = 'y“bvb.
2.4 Orthogonal Decomposition
A vector v is decomposed into
v = 2An® + B, (19)
where 2 is a scalar of temporal component and ‘B is a spatial vector of spatial component. Components are determined by
A= —nyv?, (20)
B = 4% 0. (21)
A form w is decomposed into
W = Cng + Dy, (22)
where
¢ = —nw,, (23)
D, =" we. (24)
A rank (0,2) tensor is decomposed into
Tap = NaMpA + 1o Bo + Conp + Dy, (25)

where
A = nnbry,
%a = —nc’}’da%d,
Q:a = —’Ycandxcm

e d
Qab = ’Yca’y bLed-

2.5 Spatial Metric

Observing components of the metric by

nngay = —1,
—ny%,gea = 0,
% ntgea =0,
Ve Ged = YaaV%
= Wad’de
= WCddegca
= Y% 9ea
= Yab,



we get

9ab = —NaNb + Yab-
We can interpret 7,4 as a metric in 3; because, for spatial vectors X and Y,

Yab XV =~ 7% geaXY?
= gap XY,

2.6 Spatial Levi-Civita Tensor
Let us define the induced Levi-Civita tensor by

_.d
€abe = N Edabe,
where €44pc is the spacetime Levi-Civita tensor. It is spatial becuase

c d c
€abc™ = N EdabcN
=0.

It has properties of

eabcedef _ GFY[ad'Ybe’YC]f .

b
6abeecde = 2'7[%7 ]dv
eaCdEde — 2’7(1()7

b

abc
€ €abc = 67

2.7 Irreducible Decomposition of Spatial Rank (0,2) Tensors

A spatial rank (0,2) tensor X is decomposed into symmetric and antisymmetric part:

Xab = X(ab) + X[ap]-
The symmetric part is decomposed into trace and traceless part:
1 o
Xap) = g’)’abX + Xab,

where

X = ’yabXaba

. 1
Xab — <fy(ca,_yd)b 7 ’Yab’YCd) Xcd-

3
The antisymmetric part is expressed by the Hodge dual vector as
Xiap) = €“apXe,
where

1
X, = §ebcaxbc.

As a result, a spatial rank (0,2) tensor is decomposed into
1 v c
Xap = E’YabX + Xap + €p X

The number of components for quantities are summarized in
e X: 1
° )u(ab: 5
e X,.:3
e Total: 9

(54)



2.8 Orthogonal Decomposition of Symmetric and Antisymmetric Tensors

A symmetric tensor x is decomposed into

Tap = NaMp2A + 21 By + é’}/ab@ + €, (55)
where
A = nnlaqy, (56)
B, = —nv%, zca, (57)
¢ =7z, (58)
Cap = (V(Ctﬂd)b - ;%w“l) Ted- (59)
The number of components for quantities are summarized in
o A 1
e B,: 3
o C: 1
. Qu:ab: 5
e Total: 10
A antisymmetric tensor y is decomposed into
Yab = 21Dy + €, €, (60)
where
Da = Yapn’, (61)
€0 = 5 une (62
The number of components for quantities are summarized in
e D, 3
o &,: 3
e Total: 6
2.8.1 Example: Stress-energy Tensor
The stress-energy tensor t is decomposed into
tab = Nanpp + na Py + Panp + %S + Sabs (63)

where E is the energy density, P is the momentum density, and Sy = %’yabS + Sap is the stress. Components are given by

p=nnlty, (64)
Py = —ny% teq, (65)
S =7 "ta, (66)
Sap = <7(Ca7d)b - ;%WCd> ted- (67)
2.8.2 [Example: Field Strength Tensor
The field strength tensor f is decomposed into
fab =20 Ep) + € Be, (68)
where FE is the electric field and B is the magnetic field. Components are given by
Ey = fun®, (69)
By = 2, i (70)

@9



2.9 Ricci Tensor and Scalar

From the Einstein equation, we get the Ricci tensor r as

1
Tab = tap — igabt (71)
1
= ngMpp + ng Py + Pany + Sap — 5 (_nanb + 'Yab) (S - P) (72)
1 1 9
= 5 (S + p) NgNp + Ng Py + Pynp + E’Yab (3p — S) + Sap. (73)
The Ricci scalar becomes
r=—s(S+p)+2(Bp—S) (74)
=p-—=5 (75)
The traceless Ricci tensor is given by
_ 1
Tab = Tab — Zgabr (76)
1 1 . 1
= §nanb (S + P) + nan + Panb + 67@1) (3,0 - S) + Sab - 1 <_nanb + ’Yab) (p - S) (77)
1
= Mam (Bp+S)+nPy+ Pyny + 12%1; (3p+5) 4 Sap. (78)
2.10 Ricci Decomposition of the Riemann Tensor
Consider rank (0,4) tensor z. It is decomposed into the form given by
Zabed = AGabJcd + bgacgbd + CGadGve + gabacd + Gaclbd + gadfbc + gabcda (79)

where 0, ¢, f, and g are traceless tensors such that their self contractions of any pair of indices vanish. Let us antisymmetrize
pairs of ab and cd:

[ad] [a  sb] e (0] b] [ad]
g = (6= )8 % 8 (g =) + 6 (80)
Observing this, we conclude that Riemann tensor is decomposed into
rb == 5 I (81)
where c is the Weyl tensor such that its contractions of any pair of indices vanish.
2.11 Orthogonal Decomposition of the Riemann Tensor
2.11.1 Rank (2,2) Tensor of Riemann Tensor Type

A rank (2,2) tensor = antisymmetric to covariant and contravariant indices resepectively, satisfying

A, (82)
7" ) = 0, =
is decomposed into
z% , = 2nle (Qn[cmb]d] + E‘fl %b]f) +e”, (2n[0¢ed] + efcdgef) s
= 477,[“n[cQl ’ d) + 2nloe 1 %b]f + 26aben[6¢ed] + eabQEdegef’ (85)
where
Q[ab — ncndxacbd’ (86)
B, = incﬁdebxacm (&7)
1 )
Cab — ieadencm(iebc7 (88)
1 e
@ab _ ZE(LCL{E fbadeef' (89)

The number of components for quantities are summarized in



°
c
g8
<.
©

Total: 36

2.11.2 First Term
The first term in eq. is decomposed into

%rd[a[c‘sb]d] = _%m[a”[cisb]d] + ém[a[c‘sb]d] (90)
= —%rn[ Ny ]d] - %W[ (" ]nd] + %T’Y[a[ﬂb]dy (91)
Note that
7y = % (v = ) (92)
= % (v = ™) (93)
= % (71" +71%,) (04)
=7 [aﬂb]d (95)
_ %eabegecd (96)
Then,
%ré[“[céb]d] = —orn''ny ]d] %reabeeecd (o7)
— 4nlon, {11271’](1] (p - S)} +e”el { 1127 rp= S)} (98)
2.11.3 Second Term
25[“[Cfb]d] _ _Qn[an[cfb]d} n 27[a[jb]d] (99)

1 1
——2n[“n[c{127]d] (3p+S)+ 58 d]}+2’y[[ { n®lng (3p+ ) +n® Pd]+Pb]nd]+—’y ]d] Bp+9) + 5" }

(100)
1 1.
_ la ) _1 gt
=4n n[c{ 517 q Bp+9) Sd}
+ 4nlon 1y (3p+9) b + 2nlale f Bl Py )+ 2¢%n —lee 9 p"
le 87 d) \2P f7 glh elc| B ghV"|d]
1
+ett el {127f(3p+5 }—l—eab ! <2 ghe fw St ) (101)
= 4plop 1 b] S va] [a IS 1 b] ph ab L. ph
=4n'"n 7 d Bp+8) =557 ¢ +2n%" 3€ h + 2€* 0y, —5€an
w ol T 3518~ Lge 102
+ e oy ﬁ7f(p+ )*5 ¥ (102)
2.11.4 Weyl Tensor
The Weyl tensor is decomposed into
oty = anln Bt omleell B 4 oet e 4 et el 0 (103)



The traceless condition for the Weyl tensor,
0=1c",
= 4n[an[ch]b] + 2n[“e‘f|CbBb]f + 26“ben[ct’:eb] +e beefcb’Def
= nn.E — E° + n“efchbf + et n.e, + 6abeefcb@ef

1 y
= nn.E +n% (37be + B + ebngg) + e

1 a a a
_§7cE Ec_€chd
2 9 1
=n'neB +2n" B, — 28, + 29°.D - D% + €D — 3V E - Ee, — e B
1
=n"nel +2n" B, — 28, + 297, (20 — B) - — D + ey (99— B,
implies
E =0,
B, =0,
¢, =0,
D=0,
bab - Eab7
D4 =FE"°
The first Bianchi identity,
0= ’ra[bcd] — 0= rabcdgb(:dg

a cd
0=r e,
1 b b cd.
- (67"5[&[65] +201% i e )eb g

_ ab cdg
= C d€y

= (4n[anch]d + Zn[ae‘f‘chb]f + 2% n.C%, + eabeefcd’Def) £,°%

1 o
Ne (3’}/617@ + eeb + €6bf€f> +€

ab _f

_ _4n[aEb]d€bdg + 4n[aBb]f (_nb,yfg + ng,yfb) . 2Eabe€ed€bdg + 26abe (_mﬁfg + ng’be) @ef

= —2m9E% e, — 2B 4 2n%n9 B — 2¢y%9¢ + 2¢9° 4 2% nID°,

2 y 2 y
=29 B — 2%y BT, + 2¢ et BT — gvabB = 2B = 29"€ + 29"C 4 2€

— 2nIB — 4n B9 — 4En9 — A% (B 4 2¢) + 2 (—B“g + éag)
implies
B =0,
E* =0,
¢ =0,
éab = Balr
As a result,

C

where E is the electric part and B is the magnetic part of the Weyl tensor.

2.11.5 Riemann Tensor
1
r = 4nln Nie {G”yb]d] (p+S5)— S tl d —i—Eb]d]} + 2nl If\

a e 1 a 1 e
+ 2¢ ben[c (B q ~ fe d]ng) +e€ b e d{S’Y P

The number of components for quantities are summarized in

o = 4ple niE R d + 2nlael] Bb]f + 2¢70 n[cBe d) — €

S

B",

S

chf7

)
Eef }

(104)
(105)
(106)

1 M
e€ cb <3’}/ef® + i)ef + €6fg®g)

(107)
(108)

(109)

(130)



e p: 1l
e P:3
e S: 1

Y]

° Sabl 5

v

[ Eab: 5
(] éab: 5
o ¢ 4 10

o 7% 4t 20

3 Covariant Derivatives

3.1 Acceleration and Shape Operator

To decompose Vyn®, we observe that

n,Vpn® = Vi (nng) — n*Ving (131)
=V, (1) —nVpn® (132)
_ %vb (—1) (133)
=0. (134)
Therefore, the covariant derivative of the normal vector is decomposition into
Vn® = =A%y, + K%, (135)

where A is the 4-acceleration and K is the shape operator (also known as the Weingarten map, the extrinsic curvature, or
the second fundamental form) given by

A% = nbVyn?, (136)
Kab = 'chvcna. (137)

We consider the torsion free condition of the Levi-Civita connection for ¢ as

0=V Vyt (138)
= Vi (N"'ny) (139)
= —N"'"Viany — N, VyN (140)
=_N"! (V[anb] + 1V In N) . (141)
=_N"1! {V[anb] + Na (—ncnb] + 'ycb]) Veln N} . (142)
— N1 {V[anb] + 127y Ve 1nN} . (143)
It implies
V[bna] = n[a’}/cb] VC In N (144)
= Tl[aAb] + K[ab]- (145)
We find that
A, =" VyIn N, (146)
Kiap) = 0. (147)
3.2 Temporal and Spatial Derivative
For spatial tensor X, we define temporal derivative T and spatial derivative D as
TX =L (n?V,X), (148)
DX =1 (V.X), (149)



where | is the projection operator into 3; for all indices of the operand. For the induced metric and the induced Levi-Civita

tensor,

Tyap = L (n“Veyan)
=1 (n°V.(nagm))
= 1 (nan°Veny + mpnVeng)
B O7

Deyab = L (Vevan)
=1 (nyVeny + npVeng)
=0,

Teabe = L (nVa€ape)

( dvd (n Eeabc))

(

EeabcM vdn )

(Eeabc )

(Vd (neseabc))
(Eeabcvdne)
(Eeabc (_Aend + Ked))

Ddeabc

ED}—I—I—P}—I—I—

Note that any metric duals to v and € are also vanished by T and D.
D is torsion free because, for a scalar X,

DyDeX = L {Vy (VX — nan°V,.X)}
= 1 {VpVo X = (Vipng) n°V X}
= 1 (VyVaX — Kppn®V X)),
D(Dy X = 0.

3.3 Orthogonal Decomposition of Covariant Derivatives

For a scalar X,

VoX = —nanVpX +4°, VX
= —n,TX +DX.

For a spatial linear form Y,

VY, = —nonVyYe — np TY, + Dy Y,
= —ng {Vy (nY,) = Y. Vpn©} — np TY, + Dy Y,
=nq (A + K9) Y. = TY, + DY,
= NngpAY. + N K9 Y, — npTY, + DY,

For a spatial rank (0,2) tensor Z,

chab = NgNpn nev Zde nandryeb chde - ’ydanbnevczde - ncTZab + DcZab
= —NgNpn Zdevcn + na’yeb Zdevcnd + ’yda""'bZdevcn‘3 - ncTZab + ]D)cZab

= o Zap A% + 10 Ziy K — Zaa A% + Zaay K% — 1T Zuy 4 DeZap.

3.4 Orthogonal Decomposition of the Ricci Identity

The Ricci identity for the normal vector is given by

r“dbcnd =2V Vgn

(179)



For the decomposition of the right-hand side, we start from

V.Vyn® = V. (—A%y + K%) (180)
= —A"V . ny — V. A* + VcKab (181)
= —A% (—Apne + Kpe) — mp (—n“ncAdAd + naKdCAd —nTAY + ]D)CA“)

—n*KgpA%. +n"Kg K% — K% A%yn. + K%y K¢, —n . TK% +D.K% (182)

= nnyn.A%A, — n“anchd —nn Ky A% + n“dech + npn .TAY — nbncK“dAd —npD.A* + an“dec
+neA®Ay — nTK% — A°Kye + DK%, (183)

Then,

2V Van® = 2 (~TK" +DgA® — K K% + A"Ag ) + 2DpK° (184)
= 2y (~TK?) + DA = Ky K% + A°Ag) + e, (€7 DK, ) (185)
= 2y () + € (B%). (186)

By the irreducible decomposition, we get

1

A=—-TK + DA — §K2 — Koy K% + A, A%, (187)
v o 2 o 9 9
mab = —TKab + ]D<aAb> - gKKab - Kc<aKb>C + A<aAb>a (188)
1
A = —ie“bcID)bAc, (189)
B =0, (190)
%ab = 6cd<aﬂ)c‘[\€b>d7 (191)
1 1.
B = DK — D K. (192)
3 2
where () on indices is defined by
1
X<ab> = <7(Ca’yd)b - 3’7ab70d> Xcd~ (193)
From eq. (130)), we obtain
ab 1 a 1 Sa a [£] Da 1 a h
T cdnb = 277,[(/ 6')/ d] (p+ S) — ES d] —+ E d] + € cd B f -+ 56 fhP . (194)
Therefore,
1 Loo = za
3 (p+95)=-TK + D, A" — gK — K K%+ A AY, (195)
1y 9 9 2 . 9 9
~5”ab +Eqp = —TKa +DegAps — gKKab — KooKy ©+ Acq Ay, (196)
1
0= —56‘“’011)),,/10, (197)
0=0, (198)
Bap = €,qaD°K;s %, (199)
1 1 1 o
—P*= DK — DK 2
2 3 2 b ) ( 00)

where the right-hand side of eq. (197)) vanishes because A, = D, In N and D is torsion free. Note that egs. (195]) and (196]) are
evolution equations for K and K, respectively, and egs. 1] and 1) are constraint equations. System of these equations
is incomplete because there is no an evolution equation for . We will find it in the second Bianchi identity.

3.5 Orthogonal Decomposition of the Second Bianchi Identity

The second Bianchi identity can be expressed by the spacetime Levi-Civita tensor given by

a 1 a
0= Verfyjeqg = 0= v <2€gthT bgh) : (201)

10



For simplicity, we introduce auxiliary variables as
ra = 4n[an[chb]

where

1 1y
Ql =Yab (p+S) Sab+E

6
1 C
%ab = Bab + 56 abPC7
9 1.
Cap = Bab - 56 abPC’
1 ]_ 9 -
Dab = g’)’ab/’ - isab —Ey-

Then, its Hodge dual becomes

1 1
geghcdr“bgh = geghcd (4n[“n991b]h + 2n[“e|f|gh%b]f + 2€abeng€€h + eabeef

= thcdn[”%b]h + (—ncvf + nd7f0> Qn[“%b]f + el et e, +

= —4n[an[c% l d + 2nloe |1 le]f - 26ab6n[c®ed] + eabeefcdeief.

The second Bianchi identity is decomposed into

1
0=v* (2€ghcdrabgh>

= v (—4n[a N[e B ] + 2nle /1 Q[b]f - 2Eaben[cged] + EabeedeQ:ef>

= —4(-ntale 4 Kd[“) ne By — dnle (—nla + K ) B0, anlen V180,
+2 (—ndA[a + Kd[a> elf‘Cdle]f + 2nlal (—ndAe + Kde) eefcdﬂlb]f + Zn[aledeVdQllb]f
_9 (—ndAf + de) efaben[cged] s ( dA[C + K )@e _ 26aben[cvd©ed]
+ (—ndAg + Kdg) egabeefchCf + eabe (—ndAg + Kdg) engdQ:ef + eabeef
=24kt — olon, B8 oplegldl 38 4 ople kgt — oplan, VIt 4 ol vidgst]

+ordeddl ol onlalace f a4 onldled  wiall®
— (~ATD%, + K¥nD¢,) 2nl0e | — e KL, + ¢ KDC, —
+ K%9onloe e e, + et A% f ey et el Vi,

=20l {n, (~v8", + e"’]dedeQEf)

~KLB 4+ KB+ ngvisll, - ace S q + vial 4 At 4 Kdgeglfﬂeefcde:ef}

+ €7 {n. (fedenge%fg - veD?,)

¢ (A%fc + K9ech h) — K¢, 9% + K94, 4 n VDY, + A%/

Using eq. (178)), we get
n[a|vd%\b]d _ plal (‘IB“’] Ad 1 Ddsgltl ) ,
naviBlt, = plel (B, A%, + TB, ),
n[a|6fcdvd9ﬂb ;= nlele!_pig
b VeDd = b (Qd A€+ ]D)e@de) ’
b e VeDd, = e, (D, A%, + TDY),

(2%
€t def % @d =€, (ef ID)eQﬁd)

11

aqt 2n[“e|f‘cd%b]f + 26“ben[c€ed] + e“beefcdﬁef,

(_”CVfd + ”dec) . D%

b e VIDC, 4 e ngViDe,

d eqd
LIS Y e:f}.

(202)

(203)

(204)

(205)

(206)

(207)
(208)
(209)

(210)

(211)

(212)

(213)

(214)



Then,

1
0 = Vd <2€ghcd7“abgh>
= 9oplal {nc (—Dd%lb]d + e‘b]dede@ef)
_ch%lb]d—I—K%lb]c+T%|b]c+Ae€efCQllb]f+€f d]D)dQUb]f —|—6|b] fAf;Dec KdgG | ] f ee }
+ €, {nc (—edenge‘Bfg — ]D)e@de)
el (Ae%f o+ Koo h) — K07 + KDY, + T, + A%,/ ¢, + efcewcdf}
— Qn[a (nceb] + %b]c) + eabd (ncéd +5dc) ,
where €, §, &, and $ are auxiliary variables. The irreducible decomposition of auxiliary variables are given by
0=e¢"
_ 7Db%ab + eachbdDCd

o 1 1 9 1 1. \¢
_ 7Db Bab + 7€cabpc + 6abc *’ybdK + Kbd 7,chp S ey o + E
2 3 3 2 .

g 1 1o o\°¢
= —D,B" — —eD P, — %, K (S + E
2 2 p

0= 'S"ab
= _ch%ac + K%ab + ITr%ab + €Cbol‘4d§2lac + ecbd]D)dEz[ac + 6u,cd14d:DCb - €acd€beche€df
1 1 1 1
(vt 1) (B Y] o (B Jear) 7 (5 s )

1 o v 1 1. o
+ €q A (6%0 (p+S) - isac + Eac) + €%gD? (%C (p+S)— 55“ + Eac)

6
+ €eaA? Lene lgc —E% ) — e qepe K¢ BY — 1egdfP
acd 37 bP 92 b b acdtbef 2 g

SV | 1, 1 |
= g KBy — K Bo — Ky Pe = 5y K Py+ KBy, + 5 € aKPe+ TBap + 54 TP

1 v o 1 1 o M
+ geabcAc (p+5)— §€deAdSac + €CbclAdEac + gecach (p+5)— §€deDdsac + €cbal]D)dEac
1 1 o o 1 . 1 N 1 o
3 abcA pP— 6achdScb - 6achdECb + gKBab + gKecabPC - €acdebefl(ceBdf + §6CabchPd
0=7F
_ 7];V{abB/ab + Rabéab
0
0= %ab
1 o o o o
= =3 KBay = K Buse = 5€caca s P + KBy + TBay
1 o o o o
- §GCd<aAchb> + 6cd<a’40'Edb> - §€cd<aDCSdb> + 6¢:d<a]:D>cE’db>

1 . » 1. .
+ §€cd<aAchb> + 6cd<a‘A("Edb> + gKBU«b - 6acdebef‘[(ce‘Bdf

d
. 9 1 o o o . 1. o
= =3K, Buse = 5caca s P4+ KBy + TBupy + 26,4 e AE% o + €,gcuD° (—25 + E>
b>
0=3"
a prbd e 1 a 1y ab 1 a 1 a

+1A“( +S)—1A" Leim ’ +1]D>a( +S)—1D Llsi g "
6"V 2 2 , 6 2"\ "2

1 1 1. \* 1 1.
ZA%+ A [ =S+ F —KP®+ -K%p
+34% + 3 <2 + >b+6 +5 )

2 2 2

12

la “bd e Suab 1 o 1 o 1 o 1 u 1 1. . ab 1 -
30K B+ T KRy 4 S KP4 STP 4 2 A (3p+8) + 2D (p+8) = 5Dy ( =55 + ) +54°57,

(221)

(222)

(223)

(224)
(225)

(226)
(227)

(228)
(229)

(230)

(236)

(237)

(238)

(239)

(240)



0=06" (241)

= —¢t K®Bc, — DD, (242)
a 1 db r-db C 1 ec 1 ab 1 n @
3 2 3 2
1 a a 1rbd e 1y ab 1 a & n @
= SKP" — e KMBY — SRRy~ (Dp+ Dy (S +E (244)
0= Hap (245)
= €acd (Ac%db + 6fbe[(ecmdf> - chgac + Kgab + PH‘K)ab + 6cdb‘ACQ:ad + €CbclID)dQ:ac (246)

Y 1 v
= €aed <A° (%db + eedb%e) +ely K (37@9( + Qldf>)

1 y 1 9 1 ¥
— ch <’}/a(/-© + @ac> + K <3’Yab® + :Dab> + T (3’Yab© + :Dab>

3
+ 6cdb‘AC (éad + eeadQ:G) + ecbd]D)d (éac + 6eacetﬁ) (247)
cad c 2 1 3¢ 1 r-ceqy(df
= eaCdA “B b + ')/abAl%c - AbSBa + §7abKQ[ - gKQ{ba — gKable + eacdebefK‘ A
1 1. 1 ¢ .y 1 o 1 o
— 5’}/@[)[{@ — gKabD — gK@ab — chgac + g'}/abK@ + Kgab + g’}/abT@ + T@ab
ey A g+ A€y — Yap A, + €D, + Doy — YpDC, (248)
0=9 (249)
2 VY 2 o oy
= 24%B, + gKQl — K, A% + gK”D —- K%9_, + TD - 24°¢, — 2D, (250)
a 1 e 1 n o 2 r-ab 1y n a a
=A Pa+§K(p+S)—Kab —§S+E +§KP+K §S+E +TP+A Pa“‘DCLP (251)
ab
1 VR, 2
= 24P, + 3K (p+ ) + K, 8% + 3Kp+Tp+DP* (252)
0= $Has (253)
v 1 ¢ 1. . o
= €eacaA“Bhys — AcaBys — 380y — g Koy A+ 2Keca,s"
1. 1 o v o o
- gl(ab:D - ggab - Kc<a®b>c + Kgab + PH“:Du,b
+ €eaca ATy + Acas + €4 D€y + Dol (254)
- 1s o 1. o 1. o ¢
= %,y JABY . — APy — K (S + E) ~ K, (3p+S) + Koca (—S + 3E>
6 ab 6 2 b>
1. . .1
— T 55 + E + 66d<aDCB b> §ID)<QPZ)> (255)
ab
0=§° (256)
71 yrab Ea bepc r-bd e 71 yab la bgc 71 yab la bgc
= SABL 4 e, (AMB 4+ KMDC,) - SAEN 4 Je, (A7) - DDyE 4 S ety D (257)
_ L gra(ls +E C 11[))1,1?3“” L pope (258)
2 be 2 d 2 4 be
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3.6 System of Equations

Evolution equations are given by

1 1 U
5 (p+9)=-TK+D,A" - gK2 — KoK + A, A%,

15 v 9 2 o 9 ¥
_5 ab T+ Eab = _TK(Lb + ]D)<aAb> - gKKab - Kc<aKb>c + A<aAb>7

5”+E)

- 1 1. o 1. o ¢
0= 26,4 q A°BY . — AyPps — K (6 - gKab Bp+S5)+ Keca (—25 + 3E>
b>

ab

1 . o v 1
- §TSab - TE‘ab + 6cd<aﬂ:))CBdb> - 7D<ELPb>7

2

vo & 1 y ¥ v y 1, 2\*
0= —3KL, By>e — S€cacal s> P4+ KBup + TBup + 26,4 e AE% s + €qcaD° (—25 + E) ,

b>
1 Y sap | 2

0=24"P,+ 3K (p+9) + K, 8% + 3Kp+Tp+D"F,,

-bd e 3 - b 1 1 b 1 n b &
0 =€, KB + 5Ka,,P +KP, +TP, + gAa (Bp+S) + gDa(p+S) -D —§S+E + A°Sy,

ab

Constraint equations are given by

1 1 1.
—P*= DK — D, K%
2 2 b )

3
éab = 6cd<aDC[v(b>d7

1 c  prbd 1 b 1 a b 1 n

0=-KP,— e, K"B,;— K, P,— =D +D"|-S+F) ,
3 2 3 2 b

pab 1 abc a 7obd 1 =)
0=—DyB% — 2D, P, — %, K (2§ + E) .
2 2 .
Note that addition of eq. (267)) to eq. (264]) becomes
9 4 1 1 v v
0=Kb P’ + S K P+ TP, + S A, (3p4+5) + 3D + DS,y + A°S,,.

4 Application to Numerical Relativity

4.1 Adapted Coordinate

(259)

(260)

(261)
(262)

(263)

(264)

(265)
(266)

(267)

(268)

(269)

We consider an adapted coordinate {z# : u = 0,1,2,3} to the foliation 3; where 2 = ¢. The tangent vector (9/0t)" along
2* = const line depends on a choice of spatial coordinate {xi 1=1,2, 3}. The orthogonal decomposition of (9/dt)" is given

by

(8/0t)" = Nn® + N,

(270)

where N is the lapse function that determines a time slicing and N¢ is the shift vector that indicates a choice of spatial

coordinate {x’}
Let us consider Lie derivatives along (9/0t)" of covariant spatial tensors. For a scalar X,
ﬁ(a/at)X =LnX + NnV,X
=LyX + NTX,
TX = N 'LigjonX — N 'Ly X.
For a linear form Y,
LosonYa = LY, + NnPV,Y, + YV, (Nn®)
= LnY, + N (ngA°Y, + TY,) + NY,V,n®
=LNY, + N (ngA°Y. + TY, — Y, A'n, + Y, K°))
=LyY, + N (TY, + V,K%,),
TY, = N"'LiojonYa — N7 LnYa — ViKY,
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For a rank (0,2) tensor Zu,

LojoryZay = LN Zab + NNV Zap + Zeapy Vo (NNS) + Z4Vy (N1°)
=LNZap + N (naZap A" + Zag A"y, + TZap) + Zoy Vo (NNE) + Zae Vi, (N1°)
=LNZap + N (naZay A" + Zag A"y + TZap — ZeyAng + Zep K, — Zac Ay + ZocK)
=LNZay+ N (TZap + Zay K, + Zac K<),
TZab = N~ LiojoryZab — N LnZap — Zev K, = ZacKS,.

We rewrite the system of equations as

1 VY 1
Nﬁlﬁ(a/at)K =N 'LyK +D, A" — ng — Ky K% + A, A° — 3 (p+9),

o o ] Y 1 % 9 2 9 v
Nﬁlﬁ(a/at)Kab = N""LnKap +DeaAps + Kewa Ky © + AcaAps + isab — Eap + g’YabKCchda

. _ . . 1.1 1
N™"LiooryEab = N7 LN Eap + €4 D BYs — §T5ab - §]D)<an> —A<aPl> - éKab (3p+5)
C

o 1 1. o . 1. o 2 S
+ 26,00 ABYys — K (5S+E) 4 Keca | —55+5E + 2y K Eeq,
3 2 ab 2 bs 3

d
y y 1o = 1 y
N"'Lia/0tyBay = N L Bap — €,9.,D° (—25 + E) + S €ca<aK > P
b>
rC B, 1 5, c 1hd 2 cd 1
+ 5K <aBb>c — gKBab — 260d<aA E > T g’yabK Bcd7
_ _ . " 1 o ey 2
N~'"Losonyp=N""Lyp—D"P, —2A°P, — 3K (p+9) = Ky, b 3K,

1 1 y y
340 (3p+5) = 3DaS - DbS,, — AS,,

N"'"LojoryPa=N"'"LyP, — KP, — 3

1
3
By = €cd<aDCKb>d’

1 1 .
—P*=-D°K — D, K
2 2 b )

ab
1 b 1. 1 1.
0= KP*— e KB, — §Kabe — 3D+ Dy (25 + E) ,

N 1 v (1s  2\©
0=—-D,B*» — 5eabcmbpc — e K <2S + E) :
d

4.2 Geometrodynamics

(284)

(285)

(286)

(287)
(288)
(289)

(290)
(291)

(292)

(293)

We consider an extra 3-dimensional manifold 3 diffeomorphic to ¥; where ¢ is their diffeomorphism. The induced metric

Aap 18 defined by the pull-back of the spacetime metric as

’A}/ab = ¢Ca¢dbgcd
= ¢Ca¢db (_ncnd + 'Yab)
= 60" (=N (dt), (dt); + 7ea)
= ¢Ca¢db70da

294
295
296

(
(
(
(207

)
)
)
)

where ¢%, is the push-forward for vectors in 3 or the pull-back operator for linear forms in ¥;. Note that ¢°, (dt), =

« (dt = t- = ecause t is constant over ;. e define the inverse metric such that
(¢« (dt), = (d(t-¢)),=0D i E¢. We define the i ic 4 such th

Observing that

=3¢ Vae
= (:yac(bdc’yde) ¢eb
= ((b_l)ac ¢cb7
we obtain the push-forward or pull-back of the inverse diffeomorphism ¢! as

(67", = 40" Yap-
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Then, the metric duals of v, is transformed as

¥ = (671" 0% = A" et (304)
=3¢’ yra0?, (305)
=5 Yeb (306)
= 5%, (307)
—1\a _1\b “ N

v = (o) (071) 7 = 47T A" vnay (308)
=5¢! A", (309)
= 44 H" (310)
= 4% (311)

We observe that transformations of covariant derivatives of spatial tensors as
DX (67)", 4 DaX® = (6711 64757, Vs (6, X7) (312)
= (07", 6% Va (9% X7), (313)
DyYy = 604 DaYe = ¢%,6%7°7 4 Vs (aﬁgng) (314)
= ¢, 0" Va ((aﬁ‘l)gc ?g) : (315)

where X and Y, are spatial tensors, and X and Y, are their transformation to f], respectively. These suggest that we
define a linear connection D in ¥ given by

DX = (67)", 0%V (67.X°), (316)
DY = 6,05V ((671)%,72)., (317)

where X is a vector and Y, is a lienar form in . Surprisingly, it is Levi-Civita connection because

DeAar = 60697 e (V 17ae) (318)
= #0907 AV (nane)} (319)

= ¢%,0%0" . {naV sne + 1V yng} (320)

=0, (321)
DDy X = 6,67, Vs {(Gﬁ‘l)de ¢4V (X : ¢‘1)} (322)
= 0,07 Vs {’yCch (X : ¢>*1>} (323)

= 0,07, {WCerVc (X : ¢>‘1) + (V%) Ve (X : ¢‘1)} (324)

= 0,07, {(52 +nne) VsV (X : ¢‘1) + (n°V g + 1V 1) Ve (X : ¢—1)} (325)

= 61,07y {ViVe (X 07) + (—Aens + Kep)neVe (X 671) } (326)
[T (5-67) s (50) o

= 00", { TV (X 07) + KiegmeV. (X -071) } (328)

=0, (329)

where X is a scalar in £. We conclude that D is transformed to the Levi-Civita connection D in 3.
The Lie derivative along W* of spatial tensors has spatial part as
LywX =WD,X, (
L (LwY,) = L (WPVWY, + ¥,V W) (
=1 (naWPKS Y, + W'DY, — n Y, TW? + V3D, W?) (
= WDY, + VD, W°, (333
L WZuw) = L(WN Zap + ZetV W + Z3 .V WE) (
=WD.Zup + ZapDWE + Z, D WE. (

16



Because the spatial part of Lie derivative can be described by the connection D, the Lie derivatives are transformed as
LwX — Ly X, (336)

where W is a spatial vector, W is the transformation of W, X is a spatial tensor of any rank, and X is the transformation
of X. The Lie derivative along (9/0t)" of rank (0,2) tensor Z,, becomes

LasoryZay = Loty (Zuw (dzt), (dx”),) (337)
7
- 88?/ (dz*), (dz"),, (338)

where {z*} is the adapted coordinate. It transform as

07, . 0Zij | .. N
LiojonZar = 78"y —5," (dah), (da”), = =5 (i) , (d27), . (339)

because ¢°, (dt), = 0.
As a result, the system of equations transformed to Y. is written in the adapted coordinate system {iz} on X

oK | oo 1
N*1§ =N'LyK + DAY — gKQ — K j K7 + A A" — 5 (p+9), (340)
N—la‘f{” =N-! (L K) 4+ Deidys + Koo ¥ 4 AciAyo + 28,5 — Biy + 2y KME (341)
ot - N i <i415> k<idX > <i45> 2 ¥ ij 3774 kl
_OE;; N g g 1. 1 1.
L (gNE)U e D By = 518y — SD<iPys — APy — K; (3p+5)
y 1 (1. o y 1y _» 2 .
+2¢,!AFB,, — 3K (25 + E) +K*_, (23 + 5E) + g%-jK’“EM, (342)
ij i>k
_ 3Bi‘ _ Y 1y o 1 o
NIy (ENBLJ_ — ¢l ,DF (2S + E>j>l + el Kb
9 9 1 o o 2 oo v
+5K*_, Bjsy, — 3K Bij — 2¢,) G AFE + gvinlekh (343)
5] . . 1 Oy 2
N‘la—f =N"'Lyp-D'P,—24'P; — 3K (p+S5)—KYS,;; — 3K, (344)
—1 apz -1 1 g & 1 § &
N a1 =N (‘CN)Pz_g]D)zS_D Sij_KPi_gAi (3,0+S)—A Sij (345)
1 1 1. .
Bij = 6kl<i]D)kf(j>la (347)
1 (le, & 1 R 1.
0=—3Dip+ D7 (SS+E) +2KP =K' By — 5K, P, (348)
ij
o 1 - o . 1. o
0 = —DJB” — §€]kiDij — EkinJl (25 + E) s (349)
kl

where we have omitted hat.
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