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1 Preliminaries

:
c = 1: natural unit
8πG = 1
a, b, c, · · · : abstract indices [3]
µ, ν, · · · : 0,1,2,3
i, j, k, · · · : 1,2,3
Lower case letter: spacetime tensors
Upper case letter: spatial tensors (exceptions: induced metric γ, induced Levi-Civita connection ε)
Letter convention: [2]
Approach: [1]

2 Geometrical Quantities

2.1 Given Structure

Let us consider a globally hyperbolic spacetime (M, g) with a time function t whose level surface Σt is spacelike Cauchy
surface (see Chapter 10 in [3]). We assume that t increases along any future directed timelike path. For any timelike vector
v, {

v (t) > 0 : v is future directed

v (t) < 0 : v is past directed
. (1)

2.2 Normal Vector

The graident dt is timelike:

gab (dt)a (dt)b < 0. (2)

We define lapse N , which is normalization factor for dt, as

N ≡ 1√
−gab (dt)a (dt)b

. (3)

The normal vector n is defined as a vector that is metric dual to dt and unit given by

na ≡ −Ngab (dt)b . (4)

The minus sign was chosen so that n is future directed:

n (t) = na (dt)a (5)

= N−1 (6)

> 0. (7)

2.3 Projections

For an arbitrary vector v, projection onto n is given by

va‖ ≡ −n
anbv

b. (8)
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The minus sign is required because n is timelike. It is justified by

nav
a
‖ = −nananbvb (9)

= nav
a. (10)

A vector v is temporal if and only if va = −nanbvb.
Let us consider orthogonal projection of v onto Σt given by

va⊥ = va − va‖ (11)

= va + nanbv
b (12)

= (δab + nanb) v
b. (13)

It suggests defining an orthogonal projector given by

γab = δab + nanb. (14)

The orthogonal projector is orthogonal to n, has trace of 3, and is idempotent:

γabna = 0, (15)

γabn
b = 0, (16)

γaa = 3, (17)

γacγ
c
b = γab . (18)

A vector is spatial if and only if va = γabv
b.

2.4 Orthogonal Decomposition

A vector v is decomposed into

va = Ana + Ba, (19)

where A is a scalar of temporal component and B is a spatial vector of spatial component. Components are determined by

A = −nava, (20)

Ba = γabv
b. (21)

A form ω is decomposed into

ωa = Cna + Da, (22)

where

C = −naωa, (23)

Da = γbaωb. (24)

A rank (0,2) tensor is decomposed into

xab = nanbA + naBa + Canb + Dab, (25)

where

A = nanbxab, (26)

Ba = −ncγdaxcd, (27)

Ca = −γcandxcd, (28)

Dab = γcaγ
d
bxcd. (29)

2.5 Spatial Metric

Observing components of the metric by

nanbgab = −1, (30)

−ncγdagcd = 0, (31)

−γcandgcd = 0, (32)

γcaγ
d
bgcd = γdaγ

d
b (33)

= γadγ
d
b (34)

= γcdγ
d
bgca (35)

= γcbgca (36)

= γab, (37)
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we get

gab = −nanb + γab. (38)

We can interpret γab as a metric in Σt because, for spatial vectors X and Y ,

γabX
aY b = γcaγ

d
bgcdX

aY b (39)

= gabX
aY b. (40)

2.6 Spatial Levi-Civita Tensor

Let us define the induced Levi-Civita tensor by

εabc ≡ ndεdabc, (41)

where εdabc is the spacetime Levi-Civita tensor. It is spatial becuase

εabcn
c = ndεdabcn

c (42)

= 0. (43)

It has properties of

εabcεdef = 6γ
[a
dγ

b
eγ
c]
f . (44)

εabeεcde = 2γ[acγ
b]
d , (45)

εacdεbcd = 2γab , (46)

εabcεabc = 6, (47)

2.7 Irreducible Decomposition of Spatial Rank (0,2) Tensors

A spatial rank (0,2) tensor X is decomposed into symmetric and antisymmetric part:

Xab = X(ab) +X[ab]. (48)

The symmetric part is decomposed into trace and traceless part:

X(ab) =
1

3
γabX + X̆ab, (49)

where

X = γabXab, (50)

X̆ab =

(
γ(caγ

d)
b −

1

3
γabγ

cd

)
Xcd. (51)

The antisymmetric part is expressed by the Hodge dual vector as

X[ab] = εcabXc, (52)

where

Xa =
1

2
εbcaXbc. (53)

As a result, a spatial rank (0,2) tensor is decomposed into

Xab =
1

3
γabX + X̆ab + εcabXc. (54)

The number of components for quantities are summarized in

• X: 1

• X̆ab: 5

• Xa: 3

• Total: 9
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2.8 Orthogonal Decomposition of Symmetric and Antisymmetric Tensors

A symmetric tensor x is decomposed into

xab = nanbA + 2n(aBb) +
1

3
γabC + C̆ab, (55)

where

A = nanbxab, (56)

Ba = −ncγdaxcd, (57)

C = γabxab, (58)

C̆ab =

(
γ(caγ

d)
b −

1

3
γabγ

cd

)
xcd. (59)

The number of components for quantities are summarized in

• A: 1

• Ba: 3

• C: 1

• C̆ab: 5

• Total: 10

A antisymmetric tensor y is decomposed into

yab = 2n[aDb] + εcabEc, (60)

where

Da = yabn
b, (61)

Ea =
1

2
εbcaybc. (62)

The number of components for quantities are summarized in

• Da: 3

• Ea: 3

• Total: 6

2.8.1 Example: Stress-energy Tensor

The stress-energy tensor t is decomposed into

tab = nanbρ+ naPb + Panb +
1

3
S + S̆ab, (63)

where E is the energy density, P is the momentum density, and Sab = 1
3γabS + S̆ab is the stress. Components are given by

ρ = nanbtab, (64)

Pa = −ncγdatcd, (65)

S = γabtab, (66)

S̆ab =

(
γ(caγ

d)
b −

1

3
γabγ

cd

)
tcd. (67)

2.8.2 Example: Field Strength Tensor

The field strength tensor f is decomposed into

fab = 2n[aEb] + εcabBc, (68)

where E is the electric field and B is the magnetic field. Components are given by

Ea = fabn
b, (69)

Ba =
1

2
εbcafbc. (70)
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2.9 Ricci Tensor and Scalar

From the Einstein equation, we get the Ricci tensor r as

rab = tab −
1

2
gabt (71)

= nanbρ+ naPb + Panb + Sab −
1

2
(−nanb + γab) (S − ρ) (72)

=
1

2
(S + ρ)nanb + naPb + Panb +

1

6
γab (3ρ− S) + S̆ab. (73)

The Ricci scalar becomes

r = −1

2
(S + ρ) +

1

2
(3ρ− S) . (74)

= ρ− S (75)

The traceless Ricci tensor is given by

r̄ab = rab −
1

4
gabr (76)

=
1

2
nanb (S + ρ) + naPb + Panb +

1

6
γab (3ρ− S) + S̆ab −

1

4
(−nanb + γab) (ρ− S) (77)

=
1

4
nanb (3ρ+ S) + naPb + Panb +

1

12
γab (3ρ+ S) + S̆ab. (78)

2.10 Ricci Decomposition of the Riemann Tensor

Consider rank (0,4) tensor x. It is decomposed into the form given by

xabcd = agabgcd + bgacgbd + cgadgbc + gabdcd + gacebd + gadfbc + gabcd, (79)

where d, e, f, and g are traceless tensors such that their self contractions of any pair of indices vanish. Let us antisymmetrize
pairs of ab and cd:

x
[ab]

[cd] = (b− c) δ
[a
[cδ

b]
d] + δ

[a
[c

(
e
b]
d] − f

b]
d]

)
+ g

[ab]
[cd]. (80)

Observing this, we conclude that Riemann tensor is decomposed into

rabcd =
1

6
rδ

[a
[cδ

b]
d] + 2δ

[a
[c r̄

b]
d] + cabcd, (81)

where c is the Weyl tensor such that its contractions of any pair of indices vanish.

2.11 Orthogonal Decomposition of the Riemann Tensor

2.11.1 Rank (2,2) Tensor of Riemann Tensor Type

A rank (2,2) tensor x antisymmetric to covariant and contravariant indices resepectively, satisfying

x
(ab)

cd = 0, (82)

xab(cd) = 0, (83)

is decomposed into

xabcd = 2n[a
(

2n[cA
b]
d] + ε

|f |
cdB

b]
f

)
+ εabe

(
2n[cC

e
d] + εfcdD

e
f

)
(84)

= 4n[an[cA
b]
d] + 2n[aε

|f |
cdB

b]
f + 2εaben[cC

e
d] + εabeε

f
cdD

e
f , (85)

where

Aab = ncn
dxacbd, (86)

Ba
b =

1

2
ncε

de
bx
ac
de, (87)

Cab =
1

2
εaden

cxdebc, (88)

Da
b =

1

4
εacdε

ef
bx
cd
ef . (89)

The number of components for quantities are summarized in
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• Aab: 9

• Ba
b: 9

• Cab: 9

• Da
b: 9

• Total: 36

2.11.2 First Term

The first term in eq. (81) is decomposed into

1

6
rδ

[a
[cδ

b]
d] = −1

6
rn[an[cδ

b]
d] +

1

6
rγ

[a
[cδ

b]
d] (90)

= −1

6
rn[an[cγ

b]
d] −

1

6
rγ

[a
[cn

b]nd] +
1

6
rγ

[a
[cγ

b]
d] . (91)

Note that

γ
[a
[cγ

b]
d] =

1

2

(
γ[acγ

b]
d − γ

[a
dγ

b]
c

)
(92)

=
1

2

(
γ[acγ

b]
d − γ

[b
cγ
a]
d

)
(93)

=
1

2

(
γ[acγ

b]
d + γ[acγ

b]
d

)
(94)

= γ[acγ
b]
d (95)

=
1

2
εabeε

e
cd. (96)

Then,

1

6
rδ

[a
[cδ

b]
d] = −1

3
rn[an[cγ

b]
d] +

1

12
rεabeε

e
cd (97)

= 4n[an[c

{
− 1

12
γ
b]
d] (ρ− S)

}
+ εabeε

f
cd

{
1

12
γef (ρ− S)

}
. (98)

2.11.3 Second Term

2δ
[a
[c r̄

b]
d] = −2n[an[cr̄

b]
d] + 2γ

[a
[c r̄

b]
d] (99)

= −2n[an[c

{
1

12
γ
b]
d] (3ρ+ S) + S̆

b]
d]

}
+ 2γ

[a
[c

{
1

4
nb]nd] (3ρ+ S) + nb]Pd] + P b]nd] +

1

12
γ
b]
d] (3ρ+ S) + S̆

b]
d]

}
(100)

= 4n[an[c

{
− 1

24
γ
b]
d] (3ρ+ S)− 1

2
S̆
b]
d]

}
+ 4n[an[c

{
1

8
γ
b]
d] (3ρ+ S)

}
+ 2n[a|εfcd

(
−1

2
εghfγ

|b]
gPh

)
+ 2εaben[c|

(
−1

2
εeghγ

g
|d]P

h

)
+ εabeε

f
cd

{
1

12
γef (3ρ+ S)

}
+ εabeε

f
cd

(
1

2
εeghε

ij
fγ

g
i S̆

h
j

)
(101)

= 4n[an[c

{
1

12
γ
b]
d] (3ρ+ S)− 1

2
S̆
b]
d]

}
+ 2n[aε

|f |
cd

(
1

2
ε
b]
fhP

h

)
+ 2εaben[c

(
−1

2
εed]hP

h

)
+ εabeε

f
cd

{
1

12
γef (3ρ+ S)− 1

2
S̆ef

}
(102)

2.11.4 Weyl Tensor

The Weyl tensor is decomposed into

cabcd = 4n[an[cE
b]
d] + 2n[aε

|f |
cdB

b]
f + 2εaben[cC

e
d] + εabeε

f
cdD

e
f . (103)
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The traceless condition for the Weyl tensor,

0 = cabcb (104)

= 4n[an[cE
b]
b] + 2n[aε

|f |
cbB

b]
f + 2εaben[cC

e
b] + εabeε

f
cbD

e
f (105)

= nancE − Eac + naεfcbB
b
f + εabencC

e
b + εabeε

f
cbD

e
f (106)

= nancE + naεfcb

(
1

3
γbfB + B̆bf + εbfgB

g

)
+ εabenc

(
1

3
γebC + C̆eb + εebfC

f

)
+ εabeε

f
cb

(
1

3
γefD + D̆e

f + εefgD
g

)
− 1

3
γacE − Ĕac − εacdEd (107)

= nancE + 2naBc − 2Canc +
2

3
γacD− D̆a

c + εacdD
d − 1

3
γacE − Ĕac − εacdEd (108)

= nancE + 2naBc − 2Canc +
1

3
γac (2D− E)− Ĕac − D̆a

c + εacd
(
Dd − Ed

)
, (109)

implies

E = 0, (110)

Ba = 0, (111)

Ca = 0, (112)

D = 0, (113)

D̆ab = −Ĕab, (114)

Da = Ea. (115)

The first Bianchi identity,

0 = ra[bcd] ⇐⇒ 0 = rabcdε
cdg
b (116)

0 = rabcdε
cdg
b (117)

=

(
1

6
rδ

[a
[cδ

b]
d] + 2δ

[a
[c r̄

b]
d] + cabcd

)
ε cdgb (118)

= cabcdε
cdg
b (119)

=
(

4n[ancE
b]
d + 2n[aε

|f |
cdB

b]
f + 2εabencC

e
d + εabeε

f
cdD

e
f

)
ε cdgb (120)

= −4n[aE
b]
dε

dg
b + 4n[aB

b]
f

(
−nbγfg + ngγfb

)
− 2εabeC

e
dε

dg
b + 2εabe

(
−nbγfg + ngγfb

)
De

f (121)

= −2naEbdε
dg
b − 2Bag + 2nangB − 2γagC + 2Cga + 2εaben

gDe
b (122)

= 2nangB − 2naεbdfE
f ε dgb + 2εaben

gεebfE
f − 2

3
γabB − 2B̆ag − 2γagC +

2

3
γagC + 2C̆ag (123)

= 2nangB − 4naEg − 4Eang − 2

3
γab (B + 2C) + 2

(
−B̆ag + C̆ag

)
(124)

implies

B = 0, (125)

Ea = 0, (126)

C = 0, (127)

C̆ab = B̆ab. (128)

As a result,

cabcd = 4n[an[cĔ
b]
d] + 2n[aε

|f |
cdB̆

b]
f + 2εaben[cB̆

e
d] − ε

ab
eε
f
cdĔ

e
f , (129)

where Ĕ is the electric part and B̆ is the magnetic part of the Weyl tensor.

2.11.5 Riemann Tensor

rabcd = 4n[an[c

{
1

6
γ
b]
d] (ρ+ S)− 1

2
S̆
b]
d] + Ĕ

b]
d]

}
+ 2n[aε

|f |
cd

(
B̆
b]
f +

1

2
ε
b]
fgP

g

)
+ 2εaben[c

(
B̆ed] −

1

2
εed]gP

g

)
+ εabeε

f
cd

{
1

3
γef ρ−

1

2
S̆ef − Ĕef

}
(130)

The number of components for quantities are summarized in
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• ρ: 1

• Pa: 3

• S: 1

• S̆ab: 5

• Ĕab: 5

• B̆ab: 5

• cabcd: 10

• rabcd: 20

3 Covariant Derivatives

3.1 Acceleration and Shape Operator

To decompose ∇bna, we observe that

na∇bna = ∇b (nana)− na∇bna (131)

= ∇b (−1)− na∇bna (132)

=
1

2
∇b (−1) (133)

= 0. (134)

Therefore, the covariant derivative of the normal vector is decomposition into

∇bna = −Aanb +Ka
b , (135)

where A is the 4-acceleration and K is the shape operator (also known as the Weingarten map, the extrinsic curvature, or
the second fundamental form) given by

Aa = nb∇bna, (136)

Ka
b = γcb∇cna. (137)

We consider the torsion free condition of the Levi-Civita connection for t as

0 = ∇[a∇b]t (138)

= −∇[a

(
N−1nb]

)
(139)

= −N−1∇[anb] −N−2n[a∇b]N (140)

= −N−1
(
∇[anb] + n[a∇b] lnN

)
. (141)

= −N−1
{
∇[anb] + n[a

(
−ncnb] + γcb]

)
∇c lnN

}
. (142)

= −N−1
{
∇[anb] + n[aγ

c
b]∇c lnN

}
. (143)

It implies

∇[bna] = n[aγ
c
b]∇c lnN (144)

= n[aAb] +K[ab]. (145)

We find that

Aa = γba∇b lnN, (146)

K[ab] = 0. (147)

3.2 Temporal and Spatial Derivative

For spatial tensor X, we define temporal derivative T and spatial derivative D as

TX =⊥ (na∇aX) , (148)

DaX =⊥ (∇aX) , (149)
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where ⊥ is the projection operator into Σt for all indices of the operand. For the induced metric and the induced Levi-Civita
tensor,

Tγab = ⊥ (nc∇cγab) (150)

= ⊥ (nc∇c (nanb)) (151)

= ⊥ (nan
c∇cnb + nbn

c∇cna) (152)

= 0, (153)

Dcγab = ⊥ (∇cγab) (154)

= ⊥ (na∇cnb + nb∇cna) (155)

= 0, (156)

Tεabc = ⊥
(
nd∇dεabc

)
(157)

= ⊥
(
nd∇d (neεeabc)

)
(158)

= ⊥
(
εeabcn

d∇dne
)

(159)

= ⊥ (εeabcA
e) (160)

= 0, (161)

Ddεabc = ⊥ (∇d (neεeabc)) (162)

= ⊥ (εeabc∇dne) (163)

= ⊥ (εeabc (−Aend +Ke
d )) (164)

= 0. (165)

Note that any metric duals to γ and ε are also vanished by T and D.
D is torsion free because, for a scalar X,

DbDaX = ⊥{∇b (∇aX − nanc∇cX)} (166)

= ⊥{∇b∇aX − (∇bna)nc∇cX} (167)

= ⊥ (∇b∇aX −Kabn
c∇cX) , (168)

D[aDb]X = 0. (169)

3.3 Orthogonal Decomposition of Covariant Derivatives

For a scalar X,

∇aX = −nanb∇bX + γba∇bX (170)

= −naTX + DX. (171)

For a spatial linear form Y,

∇bYa = −nanc∇bYc − nbTYa + DbYa (172)

= −na {∇b (ncYc)− Yc∇bnc} − nbTYa + DbYa (173)

= na (−Acnb +Kc
b )Yc − nbTYa + DbYa (174)

= −nanbAcYc + naK
c
bYc − nbTYa + DbYa. (175)

For a spatial rank (0,2) tensor Z,

∇cZab = nanbn
dne∇cZde − nandγeb∇cZde − γdanbne∇cZde − ncTZab + DcZab (176)

= −nanbneZde∇cnd + naγ
e
bZde∇cnd + γdanbZde∇cne − ncTZab + DcZab (177)

= −naZdbAdnc + naZdbK
d
c − ZadAdnbnc + ZadnbK

d
c − ncTZab + DcZab. (178)

3.4 Orthogonal Decomposition of the Ricci Identity

The Ricci identity for the normal vector is given by

radbcn
d = 2∇[b∇c]na. (179)
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For the decomposition of the right-hand side, we start from

∇c∇bna = ∇c (−Aanb +Ka
b ) (180)

= −Aa∇cnb − nb∇cAa +∇cKa
b (181)

= −Aa (−Abnc +Kbc)− nb
(
−nancAdAd + naKd

cAd − ncTAa + DcAa
)

− naKdbA
dnc + naKdbK

d
c −Ka

dA
dnbnc +Ka

dnbK
d
c − ncTKa

b + DcKa
b (182)

= nanbncA
dAd − nanbKd

cAd − nancKdbA
d + naKdbK

d
c + nbncTAa − nbncKa

dA
d − nbDcAa + nbK

a
dK

d
c

+ ncA
aAb − ncTKa

b −AaKbc + DcKa
b . (183)

Then,

2∇[b∇c]na = 2n[b

(
−TKa

c] + Dc]Aa −Ka
|d|K

d
c] +AaAc]

)
+ 2D[bK

a
c] (184)

= 2n[b

(
−TKa

c] + Dc]Aa −Ka
|d|K

d
c] +AaAc]

)
+ εdbc

(
εefdDeK

a
f

)
(185)

= 2n[b

(
Aac]

)
+ εdbc (Ba

d) . (186)

By the irreducible decomposition, we get

A = −TK + DaAa −
1

3
K2 − K̆abK̆

ab +AaA
a, (187)

Ăab = −TK̆ab + D<aAb> −
2

3
KK̆ab − K̆c<aK̆

c
b> +A<aAb>, (188)

Aa = −1

2
εabcDbAc, (189)

B = 0, (190)

B̆ab = εcd<aDcK̆ d
b> , (191)

Ba =
1

3
DaK − 1

2
DbK̆ab. (192)

where 〈·〉 on indices is defined by

X<ab> =

(
γ(caγ

d)
b −

1

3
γabγ

cd

)
Xcd. (193)

From eq. (130), we obtain

rabcdnb = 2n[c

{
1

6
γad] (ρ+ S)− 1

2
S̆ad] + Ĕad]

}
+ ε
|f |
cd

(
B̆af +

1

2
εafhP

h

)
. (194)

Therefore,

1

2
(ρ+ S) = −TK + DaAa −

1

3
K2 − K̆abK̆

ab +AaA
a, (195)

−1

2
S̆ab + Ĕab = −TK̆ab + D<aAb> −

2

3
KK̆ab − K̆c<aK̆

c
b> +A<aAb>, (196)

0 = −1

2
εabcDbAc, (197)

0 = 0, (198)

B̆ab = εcd<aDcK̆ d
b> , (199)

1

2
P a =

1

3
DaK − 1

2
DbK̆ab, (200)

where the right-hand side of eq. (197) vanishes because Aa = Da lnN and D is torsion free. Note that eqs. (195) and (196) are
evolution equations for K and K̆, respectively, and eqs. (199) and (200) are constraint equations. System of these equations
is incomplete because there is no an evolution equation for Ĕ. We will find it in the second Bianchi identity.

3.5 Orthogonal Decomposition of the Second Bianchi Identity

The second Bianchi identity can be expressed by the spacetime Levi-Civita tensor given by

0 = ∇[er
a
|b|cd] ⇐⇒ 0 = ∇d

(
1

2
εghcdr

ab
gh

)
. (201)
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For simplicity, we introduce auxiliary variables as

rabcd = 4n[an[cA
b]
d] + 2n[aε

|f |
cdB

b]
f + 2εaben[cC

e
d] + εabeε

f
cdD

e
f , (202)

where

Aab =
1

6
γab (ρ+ S)− 1

2
S̆ab + Ĕab , (203)

Bab = B̆ab +
1

2
εcabPc, (204)

Cab = B̆ab −
1

2
εcabPc, (205)

Dab =
1

3
γabρ−

1

2
S̆ab − Ĕab . (206)

Then, its Hodge dual becomes

1

2
εghcdr

ab
gh =

1

2
εghcd

(
4n[angA

b]
h + 2n[aε

|f |
ghB

b]
f + 2εabengC

e
h + εabeε

f
ghD

e
f

)
(207)

= 2εhcdn
[aA

b]
h +

(
−ncγfd + ndγ

f
c

)
2n[aB

b]
f + εhcdε

ab
eC
e
h +

(
−ncγfd + ndγ

f
c

)
εabeD

e
f (208)

= −4n[an[cB
b]
d] + 2n[aε

|f |
cdA

b]
f − 2εaben[cD

e
d] + εabeε

f
cdC

e
f . (209)

The second Bianchi identity is decomposed into

0 = ∇d
(

1

2
εghcdr

ab
gh

)
(210)

= ∇d
(
−4n[an[cB

b]
d] + 2n[aε

|f |
cdA

b]
f − 2εaben[cD

e
d] + εabeε

f
cdC

e
f

)
(211)

= −4
(
−ndA[a +Kd[a

)
n[cB

b]
d] − 4n[a

(
−n|d|A[c +K

|d|
[c

)
B
b]
d] − 4n[an[c∇|d|B

b]
d]

+ 2
(
−ndA[a +Kd[a

)
ε
|f |
cdA

b]
f + 2n[a|

(
−ndAe +Kde

)
ε fe cdA

|b]
f + 2n[a|εfcd∇

dA
|b]
f

− 2
(
−ndAf +Kdf

)
ε ab
f en[cD

e
d] − 2εabe

(
−ndA[c +Kd

[c

)
De

d] − 2εaben[c∇dDe
d]

+
(
−ndAg +Kdg

)
ε abg eε

f
cdC

e
f + εabe

(
−ndAg +Kdg

)
ε fg cdC

e
f + εabeε

f
cd∇

dCef (212)

= 2A[aBb]
c − 2Kd[ancB

b]
d − 2n[aK |d|cB

b]
d + 2n[aKBb]

c − 2n[anc∇|d|Bb]
d + 2n[and∇|d|Bb]

c

+ 2Kd[aε
|f |
cdA

b]
f + 2n[a|Aeε fe cA

|b]
f + 2n[a|εfcd∇

dA
|b]
f

−
(
−AfDe

c +KdfncD
e
d

)
2n[aε

b]
ef − ε

ab
eK

d
cD

e
d + εabeKDe

c − εabenc∇dDe
d + εabend∇dDe

c

+Kdg2n[aε b]g eε
f
cdC

e
f + εabeA

gε fg cC
e
f + εabeε

f
cd∇

dCef (213)

= 2n[a|
{
nc

(
−∇dB|b]d + ε

|b]
deK

dfDe
f

)
−Kd

cB
|b]
d +KB|b]c + nd∇dB|b]c +Aeε fe cA

|b]
f + εfcd∇

dA
|b]
f + ε

|b]
efA

fDe
c +Kdgε |b]g eε

f
cdC

e
f

}
+ εabd

{
nc
(
−εdefKgeBf

g −∇eDd
e

)
+εdef

(
AeBf

c +KgeεhcgA
f
h

)
−Ke

cD
d
e +KDd

c + ne∇eDd
c +Agε fg cC

d
f + εfce∇eCdf

}
. (214)

Using eq. (178), we get

n[a|∇dB|b]d = n[a|
(
B
|b]
dA

d + DdB|b]d
)
, (215)

n[a|nd∇dB|b]c = n[a|
(
B
|b]
dA

dnc + TB|b]c
)
, (216)

n[a|εfcd∇
dA
|b]
f = n[a|εfcdD

dA
|b]
f , (217)

εabd∇eDd
e = εabd

(
Dd

eA
e + DeDd

e

)
, (218)

εabdne∇eDd
c = εabd

(
Dd

eA
enc + TDd

c

)
, (219)

εabdε
f
ce∇eCdf = εabd

(
εfceDeCdf

)
. (220)
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Then,

0 = ∇d
(

1

2
εghcdr

ab
gh

)
(221)

= 2n[a|
{
nc

(
−DdB|b]d + ε

|b]
deK

dfDe
f

)
−Kd

cB
|b]
d +KB|b]c + TB|b]c +Aeε fe cA

|b]
f + εfcdD

dA
|b]
f + ε

|b]
efA

fDe
c +Kdgε |b]g eε

f
cdC

e
f

}
+ εabd

{
nc
(
−εdefKgeBf

g − DeDd
e

)
+εdef

(
AeBf

c +KgeεhcgA
f
h

)
−Ke

cD
d
e +KDd

c + TDd
c +Agε fg cC

d
f + εfceDeCdf

}
(222)

= 2n[a
(
ncE

b] + Fb]c

)
+ εabd

(
ncG

d + Hdc
)
, (223)

where E, F, G, and H are auxiliary variables. The irreducible decomposition of auxiliary variables are given by

0 = Ea (224)

= −DbBa
b + εabcK

bdDc
d (225)

= −Db
(
B̆ab +

1

2
εcabPc

)
+ εabc

(
1

3
γbdK + K̆bd

)(
1

3
γcdρ−

(
1

2
S̆ + Ĕ

)c
d

)
(226)

= −DbB̆ab −
1

2
εabcDbPc − εabcK̆bd

(
1

2
S̆ + Ĕ

)c
d

(227)

0 = Fab (228)

= −Kc
bBac +KBab + TBab + εcbdA

dAac + εcbdDdAac + εacdA
dDc

b − εacdεbefKceCdf (229)

= −
(

1

3
γcbK +Kc

b

)(
B̆ac +

1

2
εdacPd

)
+K

(
B̆ab +

1

2
εcabPc

)
+ T

(
B̆ab +

1

2
εcabPc

)
+ εcbdA

d

(
1

6
γac (ρ+ S)− 1

2
S̆ac + Ĕac

)
+ εcbdDd

(
1

6
γac (ρ+ S)− 1

2
S̆ac + Ĕac

)
+ εacdA

d

(
1

3
γcbρ−

1

2
S̆cb − Ĕcb

)
− εacdεbefKce

(
B̆df − 1

2
εgdfPg

)
(230)

= −1

3
KB̆ab − K̆c

b B̆ac −
1

6
KεcabPc −

1

2
εdacK̆

c
bPd +KB̆ab +

1

2
εcabKPc + TB̆ab +

1

2
εcabTPc

+
1

6
εabcA

c (ρ+ S)− 1

2
εcbdA

dS̆ac + εcbdA
dĔac +

1

6
εcabDc (ρ+ S)− 1

2
εcbdDdS̆ac + εcbdDdĔac

+
1

3
εabcA

cρ− 1

2
εacdA

dS̆cb − εacdAdĔcb +
1

3
KB̆ab +

1

6
KεcabPc − εacdεbef K̆ceB̆df +

1

2
εcabK̆

d
cPd (231)

0 = F (232)

= −K̆abB̆ab + K̆abB̆ab (233)

= 0 (234)

0 = F̆ab (235)

= −1

3
KB̆ab − K̆c

<a B̆b>c −
1

2
εcd<aK̆

c
b>P

d +KB̆ab + TB̆ab

− 1

2
εcd<aA

cS̆db> + εcd<aA
cĔdb> −

1

2
εcd<aDcS̆db> + εcd<aDcĔdb>

+
1

2
εcd<aA

cS̆db> + εcd<aA
cĔdb> +

1

3
KB̆ab − εacdεbef K̆ceB̆df (236)

= −3K̆c
<a B̆b>c −

1

2
εcd<aK̆

c
b>P

d +KB̆ab + TB̆ab + 2εcd<aA
cĔdb> + εcd<aDc

(
−1

2
S̆ + Ĕ

)d
b>

(237)

0 = Fa (238)

=
1

2
εabcK̆

bdB̆cd −
1

6
KP a +

1

4
K̆abPb +

1

2
KP a +

1

2
TP a

+
1

6
Aa (ρ+ S)− 1

2
Ab
(
−1

2
S̆ + Ĕ

)a
b

+
1

6
Da (ρ+ S)− 1

2
Db
(
−1

2
S̆ + Ĕ

)ab
+

1

3
Aaρ+

1

2
Ab
(

1

2
S̆ + Ĕ

)a
b

+
1

6
KP a +

1

2
K̆abPb (239)

=
1

2
εabcK̆

bdB̆cd +
3

4
K̆abPb +

1

2
KP a +

1

2
TP a +

1

6
Aa (3ρ+ S) +

1

6
Da (ρ+ S)− 1

2
Db
(
−1

2
S̆ + Ĕ

)ab
+

1

2
AbS̆ab (240)
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0 = Ga (241)

= −εabcKdbBc
d − DbDa

b (242)

= −εabc
(

1

3
γdbK + K̆db

)(
B̆cd +

1

2
εecdPe

)
− Db

(
1

3
γabρ−

(
1

2
S̆ + Ĕ

)ab)
(243)

=
1

3
KP a − εabcK̆bdB̆cd −

1

2
K̆abPb −

1

3
Daρ+ Db

(
1

2
S̆ + Ĕ

)ab
(244)

0 = Hab (245)

= εacd

(
AcBd

b + εfbeK
ecAdf

)
−Kc

bDac +KDab + TDab + ε dc bA
cCad + εcbdDdCac (246)

= εacd

(
Ac
(
B̆d

b + εedbBe

)
+ εfbeK

ec

(
1

3
γdfA + Ădf

))
−Kc

b

(
1

3
γacD + D̆ac

)
+K

(
1

3
γabD + D̆ab

)
+ T

(
1

3
γabD + D̆ab

)
+ ε dc bA

c
(
C̆ad + εeadCe

)
+ εcbdDd

(
C̆ac + εeacCe

)
(247)

= εacdA
cB̆d

b + γabA
cBc −AbBa +

2

9
γabKA− 1

3
KĂba −

1

3
K̆abA + εacdεbef K̆

ceĂdf

− 1

9
γabKD− 1

3
K̆abD−

1

3
KD̆ab − K̆c

bD̆ac +
1

3
γabKD +KD̆ab +

1

3
γabTD + TD̆ab

+ εdbcA
cC̆ad +AaCb − γabAcCc + εcbdDdC̆ac + DaCb − γabDcCc (248)

0 = H (249)

= 2AaBa +
2

3
KA− K̆ab Ă

ab +
2

3
KD− K̆abD̆ab + TD− 2AaCa − 2DaCa (250)

= AaPa +
1

3
K (ρ+ S)− K̆ab

(
−1

2
S̆ + Ĕ

)ab
+

2

3
Kρ+ K̆ab

(
1

2
S̆ + Ĕ

)
ab

+ Tρ+AaPa + DaP a (251)

= 2AaPa +
1

3
K (ρ+ S) + K̆ab S̆

ab +
2

3
Kρ+ Tρ+ DaP a (252)

0 = H̆ab (253)

= εcd<aA
cB̆d

b> −A<aBb> −
1

3
KĂab −

1

3
K̆abA + 2K̆c<aĂ

c
b>

− 1

3
K̆abD−

1

3
D̆ab − K̆c

<aD̆b>c +KD̆ab + TD̆ab

+ εcd<aA
cC̆db> +A<aCb> + εcd<aDcC̆db> + D<aCb> (254)

= 2εcd<aA
cB̆db> −A<aPb> −K

(
1

6
S̆ + Ĕ

)
ab

− 1

6
K̆ab (3ρ+ S) + K̆c<a

(
−1

2
S̆ + 3Ĕ

) c

b>

− T
(

1

2
S̆ + Ĕ

)
ab

+ εcd<aDcB̆db> −
1

2
D<aPb> (255)

0 = Ha (256)

=
1

2
AbB̆

ab +
1

2
εabc

(
AbBc + K̆bdD̆c

d

)
− 1

2
AbC̆

ab +
1

2
εabc

(
AbCc

)
− 1

2
DbC̆ab +

1

2
εabcDbCc (257)

= −1

2
εabcK̆

bd

(
1

2
S̆ + Ĕ

)c
d

− 1

2
DbB̆ab −

1

4
εabcDbP c (258)
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3.6 System of Equations

Evolution equations are given by

1

2
(ρ+ S) = −TK + DaAa −

1

3
K2 − K̆abK̆

ab +AaA
a, (259)

−1

2
S̆ab + Ĕab = −TK̆ab + D<aAb> −

2

3
KK̆ab − K̆c<aK̆

c
b> +A<aAb>, (260)

0 = 2εcd<aA
cB̆db> −A<aPb> −K

(
1

6
S̆ + Ĕ

)
ab

− 1

6
K̆ab (3ρ+ S) + K̆c<a

(
−1

2
S̆ + 3Ĕ

) c

b>

− 1

2
TS̆ab − TĔab + εcd<aDcB̆db> −

1

2
D<aPb>, (261)

0 = −3K̆c
<a B̆b>c −

1

2
εcd<aK̆

c
b>P

d +KB̆ab + TB̆ab + 2εcd<aA
cĔdb> + εcd<aDc

(
−1

2
S̆ + Ĕ

)d
b>

, (262)

0 = 2AaPa +
1

3
K (ρ+ S) + K̆ab S̆

ab +
2

3
Kρ+ Tρ+ DaPa, (263)

0 = εabcK̆
bdB̆cd +

3

2
K̆abP

b +KPa + TPa +
1

3
Aa (3ρ+ S) +

1

3
Da (ρ+ S)− Db

(
−1

2
S̆ + Ĕ

)
ab

+AbS̆ab . (264)

Constraint equations are given by

1

2
P a =

1

3
DaK − 1

2
DbK̆ab, (265)

B̆ab = εcd<aDcK̆ d
b> , (266)

0 =
1

3
KPa − εcabK̆bdB̆cd −

1

2
K̆b

aPb −
1

3
Daρ+ Db

(
1

2
S̆ + Ĕ

)
ab

, (267)

0 = −DbB̆ab −
1

2
εabcDbPc − εabcK̆bd

(
1

2
S̆ + Ĕ

)c
d

. (268)

Note that addition of eq. (267) to eq. (264) becomes

0 = K̆b
aP

b +
4

3
KPa + TPa +

1

3
Aa (3ρ+ S) +

1

3
DaS + DbS̆ab +AbS̆ab . (269)

4 Application to Numerical Relativity

4.1 Adapted Coordinate

We consider an adapted coordinate {xµ : µ = 0, 1, 2, 3} to the foliation Σt where x0 = t. The tangent vector (∂/∂t)
a

along
xi = const line depends on a choice of spatial coordinate

{
xi : i = 1, 2, 3

}
. The orthogonal decomposition of (∂/∂t)

a
is given

by

(∂/∂t)
a

= Nna +Na, (270)

where N is the lapse function that determines a time slicing and Na is the shift vector that indicates a choice of spatial
coordinate

{
xi
}

.
Let us consider Lie derivatives along (∂/∂t)

a
of covariant spatial tensors. For a scalar X,

L(∂/∂t)X = LNX +Nna∇aX (271)

= LNX +NTX, (272)

TX = N−1L(∂/∂t)X −N−1LNX. (273)

For a linear form Ya,

L(∂/∂t)Ya = LNYa +Nnb∇bYa + Yb∇a
(
Nnb

)
(274)

= LNYa +N (naA
cYc + TYa) +NYb∇anb (275)

= LNYa +N
(
naA

cYc + TYa − YbAbna + YbK
b
a

)
(276)

= LNYa +N
(
TYa + YbK

b
a

)
, (277)

TYa = N−1L(∂/∂t)Ya −N−1LNYa − YbKb
a . (278)
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For a rank (0,2) tensor Zab,

L(∂/∂t)Zab = LNZab +Nnc∇cZab + Zcb∇a (Nnc) + Zac∇b (Nnc) (279)

= LNZab +N
(
naZdbA

d + ZadA
dnb + TZab

)
+ Zcb∇a (Nnc) + Zac∇b (Nnc) (280)

= LNZab +N
(
naZdbA

d + ZadA
dnb + TZab − ZcbAcna + ZcbK

c
a − ZacAcnb + ZacK

c
b

)
(281)

= LNZab +N (TZab + ZcbK
c
a + ZacK

c
b ) , (282)

TZab = N−1L(∂/∂t)Zab −N−1LNZab − ZcbKc
a − ZacKc

b . (283)

We rewrite the system of equations as

N−1L(∂/∂t)K = N−1LNK + DaAa −
1

3
K2 − K̆abK̆

ab +AaA
a − 1

2
(ρ+ S) , (284)

N−1L(∂/∂t)K̆ab = N−1LNK̆ab + D<aAb> + K̆c<aK̆
c

b> +A<aAb> +
1

2
S̆ab − Ĕab +

2

3
γabK̆

cdK̆cd, (285)

N−1L(∂/∂t)Ĕab = N−1LN Ĕab + εcd<aDcB̆db> −
1

2
TS̆ab −

1

2
D<aPb> −A<aPb> −

1

6
K̆ab (3ρ+ S)

+ 2εcd<aA
cB̆db> −

1

3
K

(
1

2
S̆ + Ĕ

)
ab

+ K̆c<a

(
−1

2
S̆ + 5Ĕ

) c

b>

+
2

3
γabK̆

cdĔcd, (286)

N−1L(∂/∂t)B̆ab = N−1LN B̆ab − εcd<aDc
(
−1

2
S̆ + Ĕ

)d
b>

+
1

2
εcd<aK̆

c
b>P

d

+ 5K̆c
<a B̆b>c −

1

3
KB̆ab − 2εcd<aA

cĔdb> +
2

3
γabK̆

cdB̆cd, (287)

N−1L(∂/∂t)ρ = N−1LNρ− DaPa − 2AaPa −
1

3
K (ρ+ S)− K̆ab S̆

ab − 2

3
Kρ, (288)

N−1L(∂/∂t)Pa = N−1LNPa −KPa −
1

3
Aa (3ρ+ S)− 1

3
DaS − DbS̆ab −AbS̆ab (289)

1

2
P a =

1

3
DaK − 1

2
DbK̆ab, (290)

B̆ab = εcd<aDcK̆ d
b> , (291)

0 =
1

3
KP a − εabcK̆bdB̆cd −

1

2
K̆abPb −

1

3
Daρ+ Db

(
1

2
S̆ + Ĕ

)ab
, (292)

0 = −DbB̆ab −
1

2
εabcDbPc − εabcK̆bd

(
1

2
S̆ + Ĕ

)c
d

. (293)

4.2 Geometrodynamics

We consider an extra 3-dimensional manifold Σ̂ diffeomorphic to Σt where φ is their diffeomorphism. The induced metric
γ̂ab is defined by the pull-back of the spacetime metric as

γ̂ab ≡ φcaφdbgcd (294)

= φcaφ
d
b (−ncnd + γab) (295)

= φcaφ
d
b

(
−N2 (dt)c (dt)d + γcd

)
(296)

= φcaφ
d
bγcd, (297)

where φab is the push-forward for vectors in Σ̂ or the pull-back operator for linear forms in Σt. Note that φba (dt)b =
(φ∗ (dt))a = (d (t · φ))a = 0 because t is constant over Σt. We define the inverse metric γ̂ab such that

δ̂ab = γ̂acγ̂cb. (298)

Observing that

δ̂ab = γ̂acγ̂cb (299)

= γ̂acφdcφ
e
bγde (300)

=
(
γ̂acφdcγde

)
φeb (301)

=
(
φ−1

)a
c
φcb, (302)

we obtain the push-forward or pull-back of the inverse diffeomorphism φ−1 as(
φ−1

)a
b

= γ̂acφdcγdb. (303)

15



Then, the metric duals of γab is transformed as

γab →
(
φ−1

)a
c
φdbγ

c
d = γ̂aeφfeγfcφ

d
bγ
c
d (304)

= γ̂aeφfeγfdφ
d
b (305)

= γ̂aeγ̂eb (306)

= δ̂ab , (307)

γab →
(
φ−1

)a
c

(
φ−1

)b
d
γcd = γ̂aeφfeγfcγ̂

bgφhgγhdγ
cd, (308)

= γ̂aeφfeγfhγ̂
bgφhg (309)

= γ̂aeγ̂egγ̂
bg (310)

= γ̂ab. (311)

We observe that transformations of covariant derivatives of spatial tensors as

DbXa →
(
φ−1

)a
c
φdbDdXc =

(
φ−1

)a
c
φdbγ

c
eγ
f
d∇f

(
φegX̂

g
)

(312)

=
(
φ−1

)a
c
φdb∇d

(
φcgX̂

g
)
, (313)

DbYa → φcaφ
d
bDdYc = φcaφ

d
bγ
e
cγ
f
d∇f

(
φgeŶg

)
(314)

= φcaφ
d
b∇d

((
φ−1

)g
c
Ŷg

)
, (315)

where Xa and Ya are spatial tensors, and X̂a and Ŷa are their transformation to Σ̂, respectively. These suggest that we
define a linear connection D̂ in Σ̂ given by

D̂bX̂a =
(
φ−1

)a
d
φeb∇e

(
φdcX̂

c
)
, (316)

D̂bŶa = φdaφ
e
b∇e

((
φ−1

)c
d
Ŷc

)
, (317)

where X̂a is a vector and Ŷa is a lienar form in Σ̂. Surprisingly, it is Levi-Civita connection because

D̂cγ̂ab = φdaφ
e
bφ
f
c (∇fγde) (318)

= φdaφ
e
bφ
f
c {∇f (ndne)} (319)

= φdaφ
e
bφ
f
c {nd∇fne + ne∇fnd} (320)

= 0, (321)

D̂[bD̂a]X̂ = φe[aφ
f
b]∇f

{(
φ−1

)d
e
φcd∇c

(
X̂ · φ−1

)}
(322)

= φe[aφ
f
b]∇f

{
γce∇c

(
X̂ · φ−1

)}
(323)

= φe[aφ
f
b]

{
γce∇f∇c

(
X̂ · φ−1

)
+ (∇fγce)∇c

(
X̂ · φ−1

)}
(324)

= φe[aφ
f
b]

{
(δce + ncne)∇f∇c

(
X̂ · φ−1

)
+ (nc∇fne + ne∇fnc)∇c

(
X̂ · φ−1

)}
(325)

= φe[aφ
f
b]

{
∇f∇e

(
X̂ · φ−1

)
+ (−Aenf +Kef )nc∇c

(
X̂ · φ−1

)}
(326)

= φ
[e
[aφ

f ]
b]

{
∇f∇e

(
X̂ · φ−1

)
+Kefn

c∇c
(
X̂ · φ−1

)}
(327)

= φ
[e
[aφ

f ]
b]

{
∇[f∇e]

(
X̂ · φ−1

)
+K[ef ]n

c∇c
(
X̂ · φ−1

)}
(328)

= 0, (329)

where X̂ is a scalar in Σ̂. We conclude that D is transformed to the Levi-Civita connection D̂ in Σ̂.
The Lie derivative along W a of spatial tensors has spatial part as

LWX = W aDaX, (330)

⊥ (LWYa) = ⊥
(
W b∇bYa + Yb∇aW b

)
(331)

= ⊥
(
naW

bKc
bYc +W bDbYa − naYbTW b + YbDaW b

)
(332)

= W bDbYa + YbDaW b, (333)

⊥ (WZab) = ⊥ (W c∇cZab + Zcb∇aW c + Zac∇bW c) (334)

= W cDcZab + ZcbDaW c + ZacDbW c. (335)
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Because the spatial part of Lie derivative can be described by the connection D, the Lie derivatives are transformed as

LWX → LŴ X̂, (336)

where W is a spatial vector, Ŵ is the transformation of W , X is a spatial tensor of any rank, and X̂ is the transformation
of X. The Lie derivative along (∂/∂t)

a
of rank (0,2) tensor Zab becomes

L(∂/∂t)Zab = L(∂/∂t) (Zµν (dxµ)a (dxν)b) (337)

=
∂Zµν
∂t

(dxµ)a (dxν)b , (338)

where {xµ} is the adapted coordinate. It transform as

L(∂/∂t)Zab → φcaφ
d
b

∂Zµν
∂t

(dxµ)c (dxν)d =
∂Zij
∂t

(
dx̂i
)
a

(
dx̂j
)
b
. (339)

because φba (dt)b = 0.

As a result, the system of equations transformed to Σ̂ is written in the adapted coordinate system
{
x̂i
}

on Σ̂:

N−1
∂K

∂t
= N−1LNK + DiAi −

1

3
K2 − K̆ijK̆

ij +AiA
i − 1

2
(ρ+ S) , (340)

N−1
∂K̆ij

∂t
= N−1

(
LNK̆

)
ij

+ D<iAj> + K̆k<iK̆
k

j> +A<iAj> +
1

2
S̆ij − Ĕij +

2

3
γijK̆

klK̆kl, (341)

N−1
∂Ĕij
∂t

= N−1
(
LN Ĕ

)
ij

+ ε l
k <iDkB̆j>l −

1

2
TS̆ij −

1

2
D<iPj> −A<iPj> −

1

6
K̆ij (3ρ+ S)

+ 2ε l
k <iA

kB̆j>l −
1

3
K

(
1

2
S̆ + Ĕ

)
ij

+ K̆k
<i

(
−1

2
S̆ + 5Ĕ

)
j>k

+
2

3
γijK̆

klĔkl, (342)

N−1
∂B̆ij
∂t

= N−1
(
LN B̆

)
ij
− ε l

k <iDk
(
−1

2
S̆ + Ĕ

)
j>l

+
1

2
ε l
k <iK̆

k
j>Pl

+ 5K̆k
<i B̆j>k −

1

3
KB̆ij − 2ε l

k <iA
kĔj>l +

2

3
γijK̆

klB̆kl, (343)

N−1
∂ρ

∂t
= N−1LNρ− DiPi − 2AiPi −

1

3
K (ρ+ S)− K̆ijS̆ij −

2

3
Kρ, (344)

N−1
∂Pi
∂t

= N−1 (LN )Pi −
1

3
DiS − DjS̆ij −KPi −

1

3
Ai (3ρ+ S)−AjS̆ij (345)

1

2
Pi =

1

3
DiK −

1

2
DjK̆ij , (346)

B̆ij = εkl<iDkK̆ l
j> , (347)

0 = −1

3
Diρ+ Dj

(
1

2
S̆ + Ĕ

)
ij

+
1

3
KPi − εkijK̆jlB̆kl −

1

2
K̆j

iPj , (348)

0 = −DjB̆ij −
1

2
εjkiDjPk − ε

k
ijK̆

jl

(
1

2
S̆ + Ĕ

)
kl

, (349)

where we have omitted hat.
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