E |aSt| : . .

to

Take-Home Messages:

» Spring-like force is incorporated into SPH
» Significantly reduces computational costs —
» Achieves excellent conservation properties

An example of our simulation,

Shusuke Utsumi’

Shu-ichiro Inutsu ka1 1. Nagoya University




Computational Elastic Dynamics

» Elastic dynamics describes the mechanical behavior of solid bodies

» Numerical simulations are widely used to study various phenomena
that cannot be studied by experiments

Examples of simulation:
Crater Meteorite impact Planetesimal collision

"

3 y wl

_gﬁ . ”.' O . ® ., A B .. 7
ol . . e
b 1 §9,

. "'{' G '.Fillleg’gecbnd )=29000.2" 4 *

X Diastrophism

.......

"""""""

............
.......

Uplifting Magma

A IR RN TS
Depth: ~km [Miyayama et al,. 2024] [Sugiura et al., 2018]
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Existing Numerical Methods
for Elastic Dynamics



SPH Extended to "Elastic Dvnamics”

Basic Eqs. before discretization:

d 0
B Mass d—f = p@xa v
dv* 1 9
m Momentum - = 5750 ’
du 1 0,
o apf Y«
B Energy i 50 u8"

mEqg. ofstate P=P(p u)

dSP 1
fit = 24 (éaﬁ _ gé*vv) 4 ST RPY L 9B Ry

m Egs. of deviatoric stress tensor |

» Smoothed particle hydrodynamics is extended to elastic dynamics

[Libersky et al., 1991; Jutzi et al., 2015; Sugiura et al., 2017]

Stress tensor

oP = —p§r 4 §ob

P Pressure that is negative for attraction

S’ :-Deviatoric stress that vanishes for fluid

| = IN order to maintain covariance in

the equations, the deviatoric stress
tensor must be time integrated

1 :Shear modulus R“°:Rotation rate ¢ :Strain rate
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Problems of Existing Methods

.- O Comptational cost ------------ -

- @ Angular momentum----------- -
Equations of deviatoric stress |
H Interaction by non-central force

Five simultaneous differential equations | _ _
m Particles’ inertial moment are

neglected

Total angular
momentum is not
strictly conserved

dSP 1
& —2u [ € — &7 ) + ST RPY 4 SPYRYY
dt 3
Iﬁ—l
Expanding the summations results
in no fewer than 20 terms!

. Redundant & large
computatlonal costs

Need to construct a new method without a time
integration of stress and only with central forces
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A New Formulation:
SPH with Spring Force

Computing stress tensors without time integration




The Basis of Spring SPH

» Basic concepts
Discretizes continuous elastic field with particles

A soli

Extends SPH formulation to elastic dynamics
introducing spring force into inter-particle
Interaction

» Properties
Suitable for describing dynamic phenomena

Represents the non-diagonal components of the
stress tensor only with central force

Conserves anqular momentum rigorously
Significantly reduces computational costs

L v

08 8750 g MV o R EE NG M gt
o'\ D ‘1! o 9. TR ot WS ‘\..‘}_‘,
RS vl S
SRR S S 2 A

e .:"'.50:1::\::? a3
L) M ‘.

P} .Y i : - Nod ~ A

Bt a2 e S

4 -‘47‘*‘"’:;"«“ g - ¢ 0%0
¢ g - \ LS. ey

& °
bed¥o 8

d material

Set of atoms
Elastic dynamics

approximates this
by continuous field

Discretize with

super particles

Physical quantities
of each particle

Position

Density

Pressure etc.
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Extended Equation of Motion

Equation of motion: kspr :Spring-to-SPH ratio
dw@ _ 1 2 0 kspr St -9 0 g
" dt kgpr + 1 ; [Pvp]ij awiw(mz w]|> h) kapr + 1 ; [77 VPL;j axiVV (|a3@ a33|, h)

Normal SPH term Additional term analogous to spring force
Fspr — 0
EOS: P, =C2(p; — po)
Cs :SPH bulk sound speed Spring kernel: W?(r,h) = a(|lz; — ;| — Li;)* h™> W(r, h)
Po :Initial density

kony — OO
EoS: P° =2y, g

| Not Initial distance: L;; = |z — ;0]
Kernel: W(r,h) specified

. 4 Li;
Enforces nearly Kernel normalization factor: « = ( :

NG

incompressible for Gaussian kernel

Note: No requirement of pressure gradient terms of a specific SPH formulation
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"Spring’” Term in Equation of Motion

Equation of motion: kspr :Spring-to-SPH ratio
dw@ _ 1 2 0 kspr St -9 0 g
" dt kgpr + 1 ; [Pvp]ij aa?,,;W(|w7’ w]|> h) kapr + 1 ; [77 VPL;j axiVV (|a3@ a33|, h)

Why is the second term "spring"?

Gradient of the spring kernel: l Generalized spring force in 3D:

0
8%

WS :2&(‘%2 — ZB]" — L’LJ) i F h~

z; — x;)
21 —2 8
+a(\wz —ZBj| _Lz’j) h asz

k :spring constant

Our formulation incorporates a
spring force into the pressure
gradient force of SPH

The second term is negligible for
Sma” defOrmatiOn: Ha:z — il?j‘ — LZ]‘ < h
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Basic Equations

Equation of motion: kspr :Spring-to-SPH ratio
dw@ _ 1 2 0 kspr St -9 0 g
" dt kgpr + 1 ; [Pvp]ij aa?,,;W(|w7’ w]|> h) kapr + 1 ; [77 VPL;j amiW (|a3@ a33|, h)

Density: (for Volume-based SPH) Energy equation:

pi=miy Wlai—mjl h) | mi =g j PVZ], (oo = )+ 5 Wi = 2], )
J
Equation of state: P = P(p,u) | spr +1 2 & PVl € i) 5 W il h)

» For now, Volume-based SPH [senoetal, inprep.] IS employed for the SPH formulation

Since Volume-based SPH can describe the
density discontinuity accurately, it's suitable

for materials exposed to the vacuum

m;

PVp?] =PV +PV:. V= p

1]
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Conservation Properties

Basm equations discretized in time:

.  Agy 1 %, ksor %, .
: Momentum. my; At — kspr _|_ 1 ; [PV2} zg 85[;2 (‘w?/ - w]‘7 h) ksprp_l_ 1 zj: [PSVP2] Zj 81;% WS(|',L‘Z o .’L']‘, h) :
: Au, 11 | % :
: Energy: AN :kspr +1 2 [PVQ] (&7 — x;) amiw(m —zj|,h) Next velocity: .
| J I
: b LS psp2) (ar—ay. O s By = Ei+ A :
: e 12200 [P @ ) g W e ) :
» Time variatoin of conservative quantities: /\chieved only In OUfSCheme-

B Mass %Zmz- =0 B Angular momentum A (Z zi X ma:) =0}

B Mometum A (Z mz337,> =0 B Energy (Z m; \wz|2 + u, ) —

Conservation laws are strictly satisfied, leaving only numerical round-off errors.
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Test Calculations



Tensile Testing

0.50 p=qp

c
O
N
@)

O
N
-

\/‘

Poisson's ratio:

O
o
-
o
>
Q
Q
2
N
O
O
e

* & :along y-axjs
[ ]:along z-ax|s
—:analytical

N

¢

—

-

N

=
0

10T 100 1ol

spring-to-SPH ratio: &y

104

p—
o)

- analytical

[
-

S
&

Young's modulus: E [Pa]

0.0

10-2 10~ 10° 10'

spring-to-SPH ratio: kg,

102

B Poisson’s ratio between 0.25 and 0.5 is achieved

Analytical solution: o=

o . Poisson’s ratio

E :Young's modulus [Pa]

1 kspr +5/3 3 Kepr

= C
LK +5/6° 2 kape +5/6 =

------------------------------------------------------------------

------------------------------------------------------------------

B Poisson’s ratio In two directions is the same

Isotropic materials can be described

¥ Our formulation can reproduce arbitrary &

Y 2 | | | | |
v '
)
’:‘
| T OB T O G V- o3 s e e BT U, A o B iR, T AR e &) 500 e S O e NG e 8 Ty A TR O U T 5PN S SO S T O T S | AL N TR S N (VN6 5
7 ok a B PESES SEEE, LRSS ORI NP P SR Y Wi IS e o SO SO TG WIS T RS T R

W
S > < 3 -.'?

Ny
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o . Poisson’s ratio

Elastic Linear Waves £ - Young's modulus [P

» Two wave modes in linear perturbation of elastic material
» Measure the sound speed to see if it is consistent with elastic dynamics

Longitudinal wave: k| /A 141 —tlongitudinal, exact .
_ 121 @ :longitudinal, numerical
Sound speed: C; = \/ Ed - o) 'g gl —:transverse, exact
p(l+0)(1 = 20) = ® :transverse, numerical
................................................................................. % 8-
Transverse wave: k1 /A g 6
-
E A+
Oy = _
Sound speed: ¢, Lo ,
000 0000000000006 0000
0

k ‘wavenumber 0A :amplitude 0.25 0.30 O..35 0.40 0.45 0.50
Poisson's ratio

Our formulation can solve linear waves propagation accurately
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Oscillating Plate: Setups

» Vibrate an elastic plate to see our method's response to finite strain

Number of particles 1()4
Density 1 kg m>
Side length (1.0.1,0.2) m
Poisson’s ratio 0.3
Young’s modulus 100 Pa

B [nitial velocity: (crayetal, 2001)

Yoy M (cos(kx) — cosh(kx)) — N(sin(kx) — sinh(kx))]
c, ! Q
1 M = sin(kL) + sinh(kL),
Vf = 0.1 [ms™] N = cos(kL) + cosh(kL),
2.200.90 kL — 1875

Q) = 2(cos(kL) sinh(kL) — sin(kL) cosh(kL))
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Oscillating Plate: Results

Y

time=0.00
1.25 +
- 1.04 x 10°
x ~1.15
1.00 A
- 1.04 x 10°
0.75 A 0.60
- r1.03 x 10°
0.50 - - 1 1.03x10°

1.02 x 10°

1.02 x 10°

1.01 x 100 1.01 X 100

Specific internal energy [J/kg]
Specific internal energy [J/kg]

10°

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
POS.X

10°

Our formulation can reproduce realistic materials
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sSummary & Future Prospects

» Smoothed particle hydrodynamics is re-extended to elastic dyanmics

0.50 pr<qp

Take-Home Messages: cods| | W C-aang s

» Spring-like force is incorporated into SPH | Eoao g Analytica

» Significantly reduces computational costs § 0o Basalt/'\

» Achieves excellent conservation properties | =°3° e etal.,2024]\§\ .
T S TN LB

spring-to-SPH ratio: &y

» Future works

B Incorporating fracture, friction, and porosity effects

B Describing shock dominated phenomena utilizing Godunov SPH
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AppendiXx




Considered Interaction Models

Concept of the model Poisson’s ratio Linear wave
Asymmetric spring O X
"""""""""""""""""""""""""""""""""""" Higher-order spring o x
""""""""""" Asymmetric + Higher-orderspring | O | x
""""" Rest length dependent spring constant | x| O
""""""" Stratified spacial distribution of sping | x | O
"""""""""" Density dependent spring constant | x| O
~ SPH+Springforce | o | o
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Forming Solid Planets & Asteroids

The earth had globally
melted in the past

IS retained

! O

° 5o . | Remnants that did No information about
i C- . |not grow Into planets the time of formation
= 5 '

Asteroids are the only entity that records the
history of planetary formation

Studying the formation of asteroids through
collision phenomena would reveal...

B The process of forming solid planets
B The evolution of planetary systems
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Formation of Top-shaped Asteroids

» The formation mechanism for top-shaped asteroids is
not revealed sufficiently.

» A promising scenario dominated by anqular momentum

IS suggested, but has not yet been verified.

Collisions between
two planetesimals

(a)0s

Verified
Sugiura+2021

collision

destruction

(b) 2000 s

To be
studied

fragmentation

re-accumulation

Formation of
top-shape”?

Simulations with methods that strictly conserve angular momentum are required.

Sep. 17, 2025;: EANAM10
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Smoothed Particle Hvdrodvnamics

> §moothec! Particle Hydrodyn.amicsf (SPH) Particle’s quantities
IS a numerical method to describe fluids.

B Density (for standard SPH)

Z Particle’s
i — m; W L, — Lij|, h
P ; iW( il 7o) mass: 1M

» Continuous fields of physical quantities are
discretized in space by super particles.

— g Smoothing
Other quantities ength: h

fi = / AV ()W (|z — x|, h)

B Kernel function W(r,h)
lim W(r,h) =0

T— 0O

W(—r,h) = —-W(r, h)
A real fluid Particle system /OO dr dar? W(r.h) = 1
0
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Basic Equations for SPH

. Continuity: Motion: Energy:
for standard SPH
B Density (for standar ) i 9 _ A 10P du_ P O
Zm] (|Ti — 4|, h) dt _’Oag;av dt  pdx> dt  p Ox°

_ Other quantities

Equations for SPH

/= / AV ()W (|2 — x|, h)

B Kernel function
lim W(r,h) =0

T— 0O

W(—r,h) = —-W(r, h)

/ dr 4mr* W (r, h) =
0
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Linear Isotropic Elasticity

» \We assume linear isotropic materials. | Stress-Strain Curve for Basalt
200 —25°C
: . _ e Fracture
Linear relation between stress & strain | .- 5150w /)
Isotropic properties of material |- 200! /
B f /4 Linear
» Arbitrary linear isotropic elastic bodies s sop f /7 relation

are characterized by two parameters: a N THERT a
POisson,S ratiO & Youn ,S mOdUIUS. Strain % Jiaxing+ 20235

Existing central force models cannot accomplish
Poisson’s ratio grater than 1/4. e.g. Donze+ 1995; Nayfeh+ 1978

We shall make sure the various Poisson’s ratios of our elasicity model.
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Tensile Test & Elastic Parameters

» Tensile test is to measure Poisson’s ratio & Youna’s modulus.

Before deformation After deformation

Z 4 Cross

+-—)
LX
Elastic parameters for linear isotropic material
Poisson'’s ratio: Young's modulus:
(Strain Perpendicular to t.ensile. axis) _ Ay/L, (Stre.ss paraﬁ-.ﬁ-_eﬂ-. to tensi.ﬁ-.e axios) _ fa /Sy Pa
(Strain parallel to tensile axis) Ax/L, (Strain parallel to tensile axis) Ax/L,
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Tensile Test: Setups

» Stretch material along x-axis, measure Ax, Ay, and derive Poisson’s ratio
& Young's modulus

Before 3-D calculation
Fix to Number of particles 1()5
the wall 3
Density 1 kg m
Side length 1 m
Stretch length
After o 0.0l m
Spring-to-SPH ratio 1()_2 — 1()2
SPH bulk sound speedg 1 m s_1
Parallelization: FDPS
lwasawa+ 2016, Namekata+ 2018
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Tensile Test: Setups

» Stretch material along x-axis, measure Ax, Ay, and derive Poisson’s ratio
& Young's modulus

Example of exaagerated tensile

y Number of particles 105
ZALA Density 1 kg m>
x I 0.6
L o4 Side length I m
L 69
. L 0.0 Stretch length
- [ oo g 0.01 m
% Spring-to-SPH ratio | 107 — 10
T —0.6 é

Stretch SPH bulk sound speedg 1 m S—l
\Aﬁ. .
0.4 Parallelization: FDPS

0.4
_0.20.0
0.2 _
0.4
0.6 58 -
=~ 1.0

Be lwasawa+ 2016, Namekata+ 2018
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Rotating Sphere: Setups

» Rotate a sphere material to see how our method conserves angular

momentum.

H |nitial conditions for aluminium

Number of particles 104
Density 2’7 kg m>
Side length 0.5 m
Bulk modulus 75.5 GPa
Shear modulus 26.1 GPa
Angular velocity 10%s!

Set initial velocities for
rigid body rotation

V=T XWwW
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Rotating Sphere: Results

Color: initial x position e e e A A e e e A A e e .
Final angular momentum error:

L

x,init ~ *x,final

L

x,1nit

~ (0.0001 %

Our method is indeed capable of
conserving angular momentum.

Average computational time per step:

2.37e-02 sec 4 \\ 7.6 times faster!

For existing method: 1.80e-01 sec
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Volcanic Eruption & Diastrophism

» Volcanic eruptions are caused by uplifting magma by buoyancy.
» Rising magma causes diastrophism by pushing the ground.

Time scale: ~day

A Method to Predict Eruptions
@® Measure the distribution of diastrophism

A Diastrophism @ Forecast the distribution of underground magma

’Displacement:
~Ccm

Crater

® Estimate the time to erupt and the magnitude

A fast numerical method to solve the behavior
of two objects, magma and rock is required.

Uplifting Magma

Depth: ~km

Numerical calculation with our method would predict volcanic eruptions.
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Seismic Activity Caused bv Faultinc

» Seismic activity in general is caused by faulting in the subsurface.
assumed a point epicenter. Faulting

Primary wave
(longuitudinal)

Secondary wave. - /- - - - N ¢ Simulating faulting with existing
e - methods becomes challenging due to

-} the significant deformation, which  }

~ i leads to insufficient understanding.

- - =
N g - T . N 5 = N 5 - o

RN <
o S o
ROR. vy

r '.” r I
. ', . - . .' ‘ . . .
L ."
4
p 8
4.3 n Ko
._ v
/ . 4 , - / / /
‘ _ y g =r- 2 - - - o - . Y . . .>‘ — .
. D ,'."," Do oo s s ,- TR 5 _DUFRN M :‘\ ElSasiwr 2 ,. S ~ )
% - e e T . o R : fos R - 29 S ety D o S O .- T
_ o > o = - - ~ SLETINEY ;. NP ] \,r‘,.a ,

Our method enables consistent simulations without assuming a point epicenter.
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Practical Solutions to Real Problems

» With low resolution axis, the accuracy of the Poisson ratio deteriorates

» Pouring particles into geometrically narrow/thin regions
» Using particles of non-uniform mass
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Model Parameters & Poisson’s Ratio

Poissonlkt Poissontt 1/2

| |
O = — 1—— —>/11 /'I‘ltg C S

2 ( 1/3 + K/,u) N TIRNE—E
K—>ooT BXE1/2125h3 — JE[E#E CRINERI LEE )
ATV IL

1

oy = Koyuy + 2 (uik — géikull)

K : ARSI , 4 BIMREHE R
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EHNY M BRIz LBEBBIF O
x(X,H) =X+ulX, 1

5zl : ¢

u(X, ) :za~or1

F0% e

N =RiEE

E.g. BO/IF

lastic Dvnamics: Strain Tensor

ETHT VI
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Elastic Dvnamics: Constitutive Eq.

. BRA : MEEE DN L RE o = C“ﬁ(e)caﬂ - EHE3IMICH W

ﬁjj of _ 1 { ou* ou’
©T 2\ axf | axe
— R DN N ———————
1£=== b« af . /§$ 1Z|Si #717_ §$ 'l‘i 17'|S
R C | Hookasl 2EDBEINTK—5 |

B Young=

| RERAREL
BEHE : 2 |

BHE : %R

B : IR BEE: 2]

EEAEMEAROBIRCIE, 2@D/ISSA -2 5 DOEMARETILANE

Poissontt & Young3&
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Elastic Dynamics: Covariance

« BERMHORE - MEB ORI, gl 2RI 5720

— AR E SRR RERIZXT L T, MERRLERDSBNERETH S .
T

ERE# (x'=c)+0(x EXRTH : 0 '=07

 BEAM AR AT LOICHEER

JaumannD L J1RE

o , BEWFEHERLE U BIERTRTH
RP = — (—vo‘ - vﬁ) THRATUWLS HAEFRG L
2\ 0xP Ox
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