
▶︎Spring-like force is incorporated into SPH 
▶︎Significantly reduces computational costs 
▶︎Achieves excellent conservation properties
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Computational Elastic Dynamics
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▶︎Elastic dynamics describes the mechanical behavior of solid bodies 
▶︎Numerical simulations are widely used to study various phenomena 

that cannot be studied by experiments

Examples of simulation:

vimp = 20 km s−1

Meteorite impact

[Miyayama et al,. 2024]

vimp = 400 m s−1

Planetesimal collision

[Sugiura et al., 2018]

Uplifting Magma

Crater

Displacement: 
~cm

Depth: ~km

Diastrophism



Existing Numerical Methods 
for Elastic Dynamics
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SPH Extended to "Elastic Dynamics"
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1

Stress tensor■Mass 

■Momentum 

■ Energy 

■ Eq. of state 

■ Eqs. of deviatoric stress tensor

▶︎Smoothed particle hydrodynamics is extended to elastic dynamics

:Pressure that is negative for attraction 
:Deviatoric stress that vanishes for fluid

Basic Eqs. before discretization:
[Libersky et al., 1991; Jutzi et al., 2015; Sugiura et al., 2017]

<latexit sha1_base64="HdueYQ1zDcpKop++E4OG+GygO1A="></latexit>
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<latexit sha1_base64="IqDemS6k+6TB6QiGxU7mBBJFQAc=">AAACHHicbVBNS8NAFNz4bfyqevSyGIQWpCQi1YsgevFYwarQrWWzeWkXN9mwuxFLyP/wJOhv8SZeBX+KN7e1B7UOPBhm3mMeE2aCa+P7H87U9Mzs3PzCoru0vLK6VlnfuNQyVwxaTAqprkOqQfAUWoYbAdeZApqEAq7C29Ohf3UHSnOZXphBBp2E9lIec0aNlW6a+Ag3q0T15S7Oa92K59f9EfAkCcbEQ2M0u5VPEkmWJ5AaJqjW7cDPTKegynAmoHRJriGj7Jb2oG1pShPQnWL0dYl3rBLhWCo7qcEj9edFQROtB0loNxNq+vqvNxT/89q5iQ87BU+z3EDKvoPiXGAj8bACHHEFzIiBJZQpbn/FrE8VZcYW5bokgpjcAfOCgiShvC9IKEU0jMGkWnhBSWpl6dqugr/NTJLLvXrQqDfO973jk3FrC2gLbaMqCtABOkZnqIlaiCGFHtATenYenRfn1Xn7Xp1yxjeb6Bec9y+Ffp96</latexit>

P = P (ρ, u)

<latexit sha1_base64="af+9vkzRoNA5yyp1OU3FWQzfahc=">AAACEXicbVBNSwMxEM367fpV9egluAh6Kbsi1aPoxaOitYWmlGx2tgaTzZJkxbLsT/Ak6G/xJl79Bf4Ub6a1B60+GHi8N8PMvDgX3Ngw/PCmpmdm5+YXFv2l5ZXVtdr6xrVRhWbQZEoo3Y6pAcEzaFpuBbRzDVTGAlrx7enQb92BNlxlV3aQQ1fSfsZTzqh10iWRRa8WhPVwBPyXRGMSoDHOe7VPkihWSMgsE9SYThTmtltSbTkTUPmkMJBTdkv70HE0oxJMtxydWuEdpyQ4VdpVZvFI/TlRUmnMQMauU1J7Yya9ofif1ylsetQteZYXFjL2vSgtBLYKD//GCdfArBg4Qpnm7lbMbqimzLp0fJ8kkJI7YEFUEhmr+5LESiTDNZjslkFUkb2q8l1W0WQyf8n1fj1q1BsXB8HxyTi1BbSFttEuitAhOkZn6Bw1EUN99ICe0LP36L14r97bd+uUN57ZRL/gvX8Bhlicdg==</latexit>

µ :Shear modulus :Strain rate
<latexit sha1_base64="gHE3axTtry0FPEyDh+7G/9eNADM=">AAACH3icbVDLSsRAEJz4Nr5WPXoZDIJelkREPYpePKq4KuysS2fScQcnmTAzEZeQL/Ek6Ld4E69+ijdn1z34KmgoqrqppuJCCmPD8N0bG5+YnJqemfXn5hcWlxrLKxdGlZpjiyup9FUMBqXIsWWFlXhVaIQslngZ3x4N/Ms71Eao/Nz2C+xkcJOLVHCwTuo2ls6uKway6AGL0ULdbQRhMxyC/iXRiARkhJNu44MlipcZ5pZLMKYdhYXtVKCt4BJrn5UGC+C3cINtR3PI0HSq4eM13XBKQlOl3eSWDtXvFxVkxvSz2G1mYHvmtzcQ//PapU33O5XIi9Jizr+C0lJSq+igBZoIjdzKviPAtXC/Ut4DDdy6rnyfJZiyO+RBVLEsVvcVi5VMBjGUbVZBVLOtuvZdV9HvZv6Si+1mtNvcPd0JDg5Hrc2QNbJONklE9sgBOSYnpEU4KckDeSLP3qP34r16b1+rY97oZpX8gPf+CdtVoeM=</latexit>

Rαβ
<latexit sha1_base64="QtVjkHk3Zt9jpl+KRaEO6pshRKU="></latexit>

ε̇αβ

<latexit sha1_base64="YPCMVtxVGfnFfRdGPsoEQmeB+gg="></latexit>

σαβ = −P δαβ + Sαβ

<latexit sha1_base64="puWl6cuKiCwQpVDuObgQ816PuSI=">AAACD3icbVDLSsNAFJ34rPFVdelmMAi6KYlIdVkQwWULVoUmyGRy0w5OMmFmUiwhX+BK0G9xJ279BD/FnZO2C209MHA451zunRNmnCntul/WwuLS8spqbc1e39jc2q7v7N4okUsKXSq4kHchUcBZCl3NNIe7TAJJQg634cNF5d8OQSom0ms9yiBISD9lMaNEG6nTvq87bsMdA88Tb0ocNIXJf/uRoHkCqaacKNXz3EwHBZGaUQ6l7ecKMkIfSB96hqYkARUU40NLfGiUCMdCmpdqPFZ/TxQkUWqUhCaZED1Qs14l/uf1ch2fBwVLs1xDSieL4pxjLXD1axwxCVTzkSGESmZuxXRAJKHadGPbfgSxPwTqeIWfhOKx8EPBo2oN9o8Kxyv947K0TVfebDPz5Oak4TUbzc6p07qctlZD++gAHSEPnaEWukJt1EUUAXpCL+jVerberHfrYxJdsKYze+gPrM8fruqbdw==</latexit>

P
<latexit sha1_base64="5Hh6e1RbWgmyOEVxDUcrtrKGjtQ=">AAACH3icbVDLSsRAEJz4Nr5WPXoZDIJelkREPQoieFR0VdhZl86k4w5OMmFmIi4hX+JJ0G/xJl79FG/OrnvwVdBQVHVTTcWFFMaG4bs3Nj4xOTU9M+vPzS8sLjWWVy6MKjXHFldS6asYDEqRY8sKK/Gq0AhZLPEyvj0c+Jd3qI1Q+bntF9jJ4CYXqeBgndRtLJ1dVwxk0QMWo4W62wjCZjgE/UuiEQnICCfdxgdLFC8zzC2XYEw7CgvbqUBbwSXWPisNFsBv4QbbjuaQoelUw8druuGUhKZKu8ktHarfLyrIjOlnsdvMwPbMb28g/ue1S5vudyqRF6XFnH8FpaWkVtFBCzQRGrmVfUeAa+F+pbwHGrh1Xfk+SzBld8iDqGJZrO4rFiuZDGIo26yCqGZbde27rqLfzfwlF9vNaLe5e7oTHByNWpsha2SdbJKI7JEDckxOSItwUpIH8kSevUfvxXv13r5Wx7zRzSr5Ae/9E931oec=</latexit>

Sαβ

In order to maintain covariance in 
the equations, the deviatoric stress 
tensor must be time integrated

:Rotation rate

<latexit sha1_base64="RjmqNVpPYnanlkoTcOHFwxsZnRc="></latexit>

dSαβ

dt
= 2µ

(
ε̇αβ − 1

3
ε̇γγ

)
+ SαγRβγ + SβγRαγ



S h u s u k e  U t s u m i 5Sep. 17, 2025; EANAM10

Problems of Existing Methods
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Redundant & large 
computational costs

Equations of deviatoric stress

Need to construct a new method without a time 
integration of stress and only with central forces

① Comptational cost ② Angular momentum

Total angular 
momentum is not 
strictly conserved

■ Interaction by non-central force 

■ Particles’ inertial moment are 
neglected

Expanding the summations results 
in no fewer than 20 terms!

Five simultaneous differential equations
<latexit sha1_base64="RjmqNVpPYnanlkoTcOHFwxsZnRc="></latexit>

dSαβ

dt
= 2µ

(
ε̇αβ − 1

3
ε̇γγ

)
+ SαγRβγ + SβγRαγ



A New Formulation: 
SPH with Spring Force

Computing stress tensors without time integration
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The Basis of Spring SPH
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□ Discretizes continuous elastic field with particles 

□ Extends SPH formulation to elastic dynamics 
introducing spring force into inter-particle 
interaction

▶︎Basic concepts

▶︎Properties
Discretize with 
super particles

Elastic dynamics 
approximates this 
by continuous field

Set of atoms

Physical quantities 
of each particle 
□ Position 
□ Density 
□ Pressure etc.

□ Suitable for describing dynamic phenomena 

□ Represents the non-diagonal components of the 
stress tensor only with central force 

□ Conserves angular momentum rigorously 

□ Significantly reduces computational costs

A solid material
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Extended Equation of Motion
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<latexit sha1_base64="NyrV1UD9E838FaZCVehGc1BH7G4="></latexit>

mi
dẋi

dt
= − 1

kspr + 1

∑

j

[
PV 2

p

]
ij

∂

∂xi
W (|xi − xj |, h)−

kspr
kspr + 1

∑

j

[
PSV 2

p

]
ij

∂

∂xi
WS(|xi − xj |, h)

Note: No requirement of pressure gradient terms of a specific SPH formulation

Equation of motion:

Normal SPH term
<latexit sha1_base64="X57EabZ78ymukJ7zeVFHDlzolKw="></latexit>

Pi = C2
s (ρi − ρ0)

Enforces nearly 
incompressible

EoS:
:SPH bulk sound speed 
:Initial density

Additional term analogous to spring force
<latexit sha1_base64="LQ2MzrLPgInVOQPXYQTDENhHfcs="></latexit>

PS
i = C2

s ρi

<latexit sha1_base64="tqOxIeRck9gRjTWsR9vevPVx4LQ="></latexit>

kspr → 0
<latexit sha1_base64="Wkxgl1begZZAkAQZ69t5AG7HywM="></latexit>

kspr → ∞

Spring kernel:

EoS:
<latexit sha1_base64="z4XRvZ0fNGAge/v/TK8p3drq4nI="></latexit>

WS(r, h) = a(|xi − xj |− Lij)
2 h−2 W (r, h)

<latexit sha1_base64="inH/SoxHL4kqHYRv5MrF1YxD5IM="></latexit>

Cs
<latexit sha1_base64="DGaIMsKH5zRLi2sZPQyFluNOSxc=">AAACFHicbVBNS8NAEN34WeNX1aOXxSDUS0lEqseiF48VbBW6pWw2E7u6yYbdTbGE/AdPgv4Wb+LVuz/Fm9vag1YfDDzem2FmXpgJro3vfzhz8wuLS8uVFXd1bX1js7q13dEyVwzaTAqprkOqQfAU2oYbAdeZApqEAq7Cu7OxfzUEpblML80og15Cb1Iec0aNlTpEDWTf71c9v+5PgP+SYEo8NEWrX/0kkWR5AqlhgmrdDfzM9AqqDGcCSpfkGjLK7ugNdC1NaQK6V0yuLfG+VSIcS2UrNXii/pwoaKL1KAltZ0LNQM96Y/E/r5ub+KRX8DTLDaTse1GcC2wkHr+OI66AGTGyhDLF7a2YDaiizNiAXJdEEJMhMC8oSBLK+4KEUkTjNZjUCi8oyUFZujarYDaZv6RzWA8a9cbFkdc8naZWQbtoD9VQgI5RE52jFmojhm7RA3pCz86j8+K8Om/frXPOdGYH/YLz/gWU352K</latexit>

ρ0

Kernel:
<latexit sha1_base64="BZnr45/hpWGBymflFsozF6Ki388=">AAACFHicbVBNS8NAEN3U7/hV9ehlMQgtSElEqseCCB4V7Ac0pWw2k3Z1kw27m2IJ+Q+eBP0t3sSrd3+KN7e1B7U+GHi8N8PMvCDlTGnX/bBKC4tLyyura/b6xubWdnlnt6VEJik0qeBCdgKigLMEmpppDp1UAokDDu3g7nzit0cgFRPJjR6n0IvJIGERo0QbqdWuyKNhtV923Jo7BZ4n3ow4aIarfvnTDwXNYkg05USpruemupcTqRnlUNh+piAl9I4MoGtoQmJQvXx6bYEPjRLiSEhTicZT9edETmKlxnFgOmOih+qvNxH/87qZjs56OUvSTENCvxdFGcda4MnrOGQSqOZjQwiVzNyK6ZBIQrUJyLb9ECJ/BNTxcj8OxH3uB4KHkzXYr+SOV/jVorBNVt7fZOZJ67jm1Wv16xOncTFLbRXtowNUQR46RQ10ia5QE1F0ix7QE3q2Hq0X69V6+24tWbOZPfQL1vsXtJWdBw==</latexit>

W (r, h) Not 
specified

<latexit sha1_base64="42JAakn27wFJAY9F3nXYVcD52Xo="></latexit>

Lij = |xi,0 − xj,0|
<latexit sha1_base64="IDSfIaKl52N6i1rogC4Q/a35r+8="></latexit>

a =

)
3

2
− 4√

π

Lij

h
+

L2
ij

h2

)−1

Initial distance:

Kernel normalization factor:

<latexit sha1_base64="9c947CmK5/bs0gaH/7f/Elj9XwI=">AAACHHicbVDLSsQwFE19W1+jLt0Ei6CboRVRl4IILkdwRmEyDml6q2GSpiSpOJT+hytBv8WduBX8FHem4yx8HbhwOOde7uHEueDGhuG7NzE5NT0zOzfvLywuLa80Vtc6RhWaQZspofRlTA0InkHbcivgMtdAZSzgIh4c1/7FLWjDVXZuhzn0JL3OeMoZtU66GvSJpPZGy9Lkuuo3grAZjoD/kmhMAjRGq9/4IIlihYTMMkGN6UZhbnsl1ZYzAZVPCgM5ZQN6DV1HMyrB9MpR6gpvOSXBqdJuMotH6veLkkpjhjJ2m3VG89urxf+8bmHTw17Js7ywkLGvR2khsFW4rgAnXAOzYugIZZq7rJjdUE2ZdUX5PkkgJbfAgqgkMlZ3JYmVSOo3mGyXQVSRnaryXVfR72b+ks5uM9pv7p/tBUcn49bm0AbaRNsoQgfoCJ2iFmojhjS6R4/oyXvwnr0X7/VrdcIb36yjH/DePgEtC6Gl</latexit>

kspr :Spring-to-SPH ratio

for Gaussian kernel
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<latexit sha1_base64="0GX5RIHLBz3+2A56RdgLias9xR8="></latexit>

∂

∂xi
WS =2a(|xi − xj |− Lij)

xi − xj

|xi − xj |
h−2W

+ a(|xi − xj |− Lij)
2h−2 ∂

∂xi
W
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"Spring" Term in Equation of Motion
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<latexit sha1_base64="NyrV1UD9E838FaZCVehGc1BH7G4="></latexit>

mi
dẋi

dt
= − 1

kspr + 1

∑

j

[
PV 2

p

]
ij

∂

∂xi
W (|xi − xj |, h)−

kspr
kspr + 1

∑

j

[
PSV 2

p

]
ij

∂

∂xi
WS(|xi − xj |, h)

Equation of motion:

Our formulation incorporates a 
spring force into the pressure 
gradient force of SPH

The second term is negligible for 
small deformation:

Why is the second term "spring"?

Gradient of the spring kernel:

<latexit sha1_base64="g9+PwIhSwsxQLQmAhQyYVu7j4pc="></latexit>

||xi − xj |− Lij | " h

<latexit sha1_base64="gmZDlUpAXdaPq61/M4/w2eQ8zBM="></latexit>

f ij = −k(|xi − xj |− Lij)
xi − xj

|xi − xj |

Generalized spring force in 3D:

<latexit sha1_base64="kiXAUJMhbthO7j94v9HVF7OpuqQ=">AAACD3icbVBNS8NAEN34bfyqevSyGIR6KYmIehRE8NiCrYUmlM1m0i7dZMPuRiwhv8CToL/Fm3j1J/hTvLltc1Drg4HHezPMzAszzpR23U9rYXFpeWV1bd3e2Nza3qnt7nWUyCWFNhVcyG5IFHCWQlszzaGbSSBJyOEuHF1N/Lt7kIqJ9FaPMwgSMkhZzCjRRmqN+jXHbbhT4HniVcRBFZr92pcfCZonkGrKiVI9z810UBCpGeVQ2n6uICN0RAbQMzQlCaigmB5a4iOjRDgW0lSq8VT9OVGQRKlxEprOhOih+utNxP+8Xq7ji6BgaZZrSOlsUZxzrAWefI0jJoFqPjaEUMnMrZgOiSRUm2xs248g9u+BOl7hJ6F4KPxQ8GiyBvv1wvFK/7gsbZOV9zeZedI5aXhnjbPWqXN5XaW2hg7QIaojD52jS3SDmqiNKAL0iJ7Ri/VkvVpv1vusdcGqZvbRL1gf39vzm5I=</latexit>

k :spring constant

<latexit sha1_base64="9c947CmK5/bs0gaH/7f/Elj9XwI=">AAACHHicbVDLSsQwFE19W1+jLt0Ei6CboRVRl4IILkdwRmEyDml6q2GSpiSpOJT+hytBv8WduBX8FHem4yx8HbhwOOde7uHEueDGhuG7NzE5NT0zOzfvLywuLa80Vtc6RhWaQZspofRlTA0InkHbcivgMtdAZSzgIh4c1/7FLWjDVXZuhzn0JL3OeMoZtU66GvSJpPZGy9Lkuuo3grAZjoD/kmhMAjRGq9/4IIlihYTMMkGN6UZhbnsl1ZYzAZVPCgM5ZQN6DV1HMyrB9MpR6gpvOSXBqdJuMotH6veLkkpjhjJ2m3VG89urxf+8bmHTw17Js7ywkLGvR2khsFW4rgAnXAOzYugIZZq7rJjdUE2ZdUX5PkkgJbfAgqgkMlZ3JYmVSOo3mGyXQVSRnaryXVfR72b+ks5uM9pv7p/tBUcn49bm0AbaRNsoQgfoCJ2iFmojhjS6R4/oyXvwnr0X7/VrdcIb36yjH/DePgEtC6Gl</latexit>

kspr :Spring-to-SPH ratio
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Energy equation:
<latexit sha1_base64="tivewbMIhn+b3uPKQ8XDUjDy2R4="></latexit>

mi
dui

dt
=

1

kspr + 1
· 1
2

∑

j

[
PV 2

p

]
ij
(ẋi − ẋj) ·

∂

∂xi
W (|xi − xj |, h)

+
kspr

kspr + 1
· 1
2

∑

j

[
PSV 2

p

]
ij
(ẋi − ẋj) ·

∂

∂xi
WS(|xi − xj |, h)

<latexit sha1_base64="NyrV1UD9E838FaZCVehGc1BH7G4="></latexit>

mi
dẋi

dt
= − 1

kspr + 1

∑

j

[
PV 2

p

]
ij

∂

∂xi
W (|xi − xj |, h)−

kspr
kspr + 1

∑

j

[
PSV 2

p

]
ij

∂

∂xi
WS(|xi − xj |, h)

Equation of motion:
<latexit sha1_base64="9c947CmK5/bs0gaH/7f/Elj9XwI=">AAACHHicbVDLSsQwFE19W1+jLt0Ei6CboRVRl4IILkdwRmEyDml6q2GSpiSpOJT+hytBv8WduBX8FHem4yx8HbhwOOde7uHEueDGhuG7NzE5NT0zOzfvLywuLa80Vtc6RhWaQZspofRlTA0InkHbcivgMtdAZSzgIh4c1/7FLWjDVXZuhzn0JL3OeMoZtU66GvSJpPZGy9Lkuuo3grAZjoD/kmhMAjRGq9/4IIlihYTMMkGN6UZhbnsl1ZYzAZVPCgM5ZQN6DV1HMyrB9MpR6gpvOSXBqdJuMotH6veLkkpjhjJ2m3VG89urxf+8bmHTw17Js7ywkLGvR2khsFW4rgAnXAOzYugIZZq7rJjdUE2ZdUX5PkkgJbfAgqgkMlZ3JYmVSOo3mGyXQVSRnaryXVfR72b+ks5uM9pv7p/tBUcn49bm0AbaRNsoQgfoCJ2iFmojhjS6R4/oyXvwnr0X7/VrdcIb36yjH/DePgEtC6Gl</latexit>

kspr :Spring-to-SPH ratio

Equation of state: <latexit sha1_base64="VwjTJoDai7EAswL5SedL7H7x8wE=">AAACHHicbVBNS8NAFNz4bfyqevSyGIQWpCQi1YsgiOCxglWhW8tm89IubrJhdyOWkP/hSdDf4k28Cv4Ub25rD2odeDDMvMc8JswE18b3P5yp6ZnZufmFRXdpeWV1rbK+callrhi0mBRSXYdUg+AptAw3Aq4zBTQJBVyFtydD/+oOlOYyvTCDDDoJ7aU85owaK9008RFuVonqy12c17oVz6/7I+BJEoyJh8ZodiufJJIsTyA1TFCt24GfmU5BleFMQOmSXENG2S3tQdvSlCagO8Xo6xLvWCXCsVR2UoNH6s+LgiZaD5LQbibU9PVfbyj+57VzEx92Cp5muYGUfQfFucBG4mEFOOIKmBEDSyhT3P6KWZ8qyowtynVJBDG5A+YFBUlCeV+QUIpoGINJtfCCktTK0rVdBX+bmSSXe/WgUW+c73vHp+PWFtAW2kZVFKADdIzOUBO1EEMKPaAn9Ow8Oi/Oq/P2vTrljG820S8471+GZZ99</latexit>

P = P (ρ, u)

▶︎For now, Volume-based SPH [Seno et al.,  in prep.] is employed for the SPH formulation

<latexit sha1_base64="nJ12UlwFjOeB7B6gDYZyY6WahUo="></latexit>[
PVp

2
]
ij
= PiV

2
p,i + PjV

2
p,j

<latexit sha1_base64="i9acKeXOy5QwMD6wdV9qZn1pUw8="></latexit>

Vp,i =
mi

ρi

Since Volume-based SPH can describe the 
density discontinuity accurately, it’s suitable 
for materials exposed to the vacuum

(for Volume-based SPH)Density:
<latexit sha1_base64="yB+VFFZ3Mwssn5Vhw6NiP2CIgqk="></latexit>

ρi = mi

∑

j

W (|xi − xj |, h)
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▶︎Time variatoin of conservative quantities:
■Mass

<latexit sha1_base64="QHxyCCF/zxsh60Bsk5HQ2ojh4OM=">AAACCHicbVDLSsNAFJ34rPEVdenCwSK4KolIdSMU3bisYB/QhDCZTNqhk0mYmQglZOnGX3HjQhG3foI7/8ZJm4W2HrhwOOde7r0nSBmVyra/jaXlldW19dqGubm1vbNr7e13ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMb0q/90CEpAm/V5OUeDEachpRjJSWfOsIQjcSCOdhkYeqgK7MYp/Csq6gbZq+Vbcb9hRwkTgVqYMKbd/6csMEZzHhCjMk5cCxU+XlSCiKGSlMN5MkRXiMhmSgKUcxkV4+faSAJ1oJYZQIXVzBqfp7IkexlJM40J0xUiM575Xif94gU9Gll1OeZopwPFsUZQyqBJapwJAKghWbaIKwoPpWiEdI56J0dmUIzvzLi6R71nCajebdeb11XcVRA4fgGJwCB1yAFrgFbdABGDyCZ/AK3own48V4Nz5mrUtGNXMA/sD4/AHwb5f/</latexit>

d

dt

∑

i

mi = 0

<latexit sha1_base64="90FjLCEwLhi0q5jds+9BQK2h6UU="></latexit>

∆

)
∑

i

miẋi

)
= 0

<latexit sha1_base64="iCjcK5BLdUh/F7/NgC3hmuVnqTU="></latexit>

∆

)
∑

i

xi ×miẋi

)
= 0

<latexit sha1_base64="sxohDQS6+GGiFOy0Qn4jKwTxh9k="></latexit>

∆

)
∑

i

mi

[
1

2
|ẋi|2 + ui

])
= 0

■Angular momentum

■Mometum ■ Energy

Conservation laws are strictly satisfied, leaving only numerical round-off errors.

<latexit sha1_base64="DHXA94Ws5uBU3RbeYAwO2DlxgdQ="></latexit>

mi
∆ẋi

∆t
= − 1

kspr + 1

∑

j

[
PV 2

p

]
ij

∂

∂xi
W (|xi − xj |, h)−

kspr
kspr + 1

∑

j

[
PSV 2

p

]
ij

∂

∂xi
WS(|xi − xj |, h)

<latexit sha1_base64="GezwZnntkpUPgJvgDD/tXue7/Jc="></latexit>

mi
∆ui

∆t
=

1

kspr + 1
· 1
2

∑

j

[
PV 2

p

]
ij
(ẋ∗

i − ẋj) ·
∂

∂xi
W (|xi − xj |, h)

+
kspr

kspr + 1
· 1
2

∑

j

[
PSV 2

p

]
ij
(ẋ∗

i − ẋj) ·
∂

∂xi
WS(|xi − xj |, h)

<latexit sha1_base64="/Gnm2X0WJU3y0yMO7EMMB9N5ZKg="></latexit>

ẋ∗
i = ẋi +∆ẋi

Basic equations discretized in time:
Momentum:

Energy: Next velocity:

Achieved only in our scheme!



Test Calculations
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Tensile Testing
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Our formulation can reproduce arbitrary 
linear isotropic elastic materials

■ Poisson’s ratio in two directions is the same

■ Poisson’s ratio between 0.25 and 0.5 is achieved

Analytical solution:

Arbitrary elastic properties can be described

Isotropic materials can be described

: Poisson’s ratio 
: Young’s modulus [Pa]

<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>

σ
<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

Basalt
[Yang et al., 2024]

:along y-axis 
:along z-axis 
:analytical

:analytical

Inverted formla:
<latexit sha1_base64="43qmpniRUcQcUPRnnV1KdxoZ31I="></latexit>

kspr =
5

6

1/2− σ

σ − 1/4
, C2

s ρ =
2

3
(1/2− σ)E

<latexit sha1_base64="LoesY0kvXThZY7Vk3wVJI9N2RGk="></latexit>

σ =
1

4

kspr + 5/3

kspr + 5/6
, E =

3

2

kspr
kspr + 5/6

C2
s ρ
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Elastic Linear Waves
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▶︎Two wave modes in linear perturbation of elastic material 
▶︎Measure the sound speed to see if it is consistent with elastic dynamics

Our formulation can solve linear waves propagation accurately

:longitudinal, exact 
:longitudinal, numerical 
:transverse, exact 
:transverse, numerical

Longitudinal wave:
<latexit sha1_base64="CTl55dV/aSP/mjj7NwYB46+MHbE="></latexit>

Cl =

√
E(1− σ)

ρ(1 + σ)(1− 2σ)

<latexit sha1_base64="s23RcKviPAWIYtdFY7j0f7oHPAY="></latexit>

Ct =

√
E

2ρ(1 + σ)

<latexit sha1_base64="raii0kOHYRHYriifSIRb5UabQ70="></latexit>

k ‖ δA

<latexit sha1_base64="0Y6WZSS7JD84CklxEVNd0hYlOns="></latexit>

k ⊥ δA

<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{ Transverse wave:

Sound speed:

Sound speed:
<latexit sha1_base64="AaOoFqFWvOb547nv26xC8L157kg=">AAACFHicbVBNS8NAEN34bfyqevSyGIR6KYlI9SiI4LGCrUITZLOZ6NpNNuxuiiXkP3gS9Ld4E6/e/Sne3LQ5aPXBwOO9GWbmhRlnSrvupzUzOze/sLi0bK+srq1vNDa3ekrkkkKXCi7kdUgUcJZCVzPN4TqTQJKQw1U4OK38qyFIxUR6qUcZBAm5TVnMKNFG6vlDoHhw03DcljsG/ku8mjioRuem8eVHguYJpJpyolTfczMdFERqRjmUtp8ryAgdkFvoG5qSBFRQjK8t8Z5RIhwLaSrVeKz+nChIotQoCU1nQvSdmvYq8T+vn+v4OChYmuUaUjpZFOcca4Gr13HEJFDNR4YQKpm5FdM7IgnVJiDb9iOIqzwcr/CTUDwUfih4VK3BfrNwvNLfL0vbZOVNJ/OX9A5aXrvVvjh0Ts7q1JbQDtpFTeShI3SCzlEHdRFF9+gRPaMX68l6td6s90nrjFXPbKNfsD6+AXxxnX4=</latexit>

k
<latexit sha1_base64="RDgob7/eqgJDyBuNDA/HWf50/Y0=">AAACG3icbZBNS8NAEIY39avGr6pHL4tBqJeSiFSPiggeK9haaIJsNhNdusnG3Y1YQn6HJ0F/izfx6sGf4s1N24NfLwy8vDPDDE+Ycaa0635YtZnZufmF+qK9tLyyutZY3+gpkUsKXSq4kP2QKOAsha5mmkM/k0CSkMNlODyp+pd3IBUT6YUeZRAk5DplMaNEmyjwI+CaYP8OKD6+ajhuyx0L/zXe1Dhoqs5V49OPBM0TSDXlRKmB52Y6KIjUjHIobT9XkBE6JNcwMDYlCaigGD9d4h2TRDgW0lSq8Tj9vlGQRKlREprJhOgb9btXhf/1BrmOD4OCpVmuIaWTQ3HOsRa4IoAjJoFqPjKGUMnMr5jeEEmoNpxs2yCJKx6OV/hJKO4LPxQ8qs5gv1k4XunvlqVtWHm/yfw1vb2W1261z/edo9MptTraQtuoiTx0gI7QGeqgLqLoFj2gJ/RsPVov1qv1NhmtWdOdTfRD1vsXh06gIA==</latexit>

δA:wavenumber :amplitude

: Poisson’s ratio 
: Young’s modulus [Pa]

<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>

σ
<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E
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Oscillating Plate: Setups
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■ Initial velocity:2.1 m

thickness: 0.1 m

▶︎Vibrate an elastic plate to see our method’s response to finite strain

kL = 1.875
Vf = 0.1 [m s−1]

vyFix

Vf = 0.2 m s−1

Number of particles

Density

Side length

Poisson’s ratio

Young’s modulus

104

1 kg m−3

(1,0.1,0.2) m

0.3

100 Pa

x

z
y

[Gray et al., 2001]
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Oscillating Plate: Results
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x
y
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z
y

Our formulation can reproduce realistic materials
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Summary & Future Prospects
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▶︎Smoothed particle hydrodynamics is re-extended to elastic dyanmics

▶︎Future works
■ Incorporating fracture, friction, and porosity effects 
■Describing shock dominated phenomena utilizing Godunov SPH

Basalt
[Yang et al., 2024]

:along y-axis 
:along z-axis 
:analytical▶︎Spring-like force is incorporated into SPH 

▶︎Significantly reduces computational costs 
▶︎Achieves excellent conservation properties

Take-Home Messages:



Appendix
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Considered Interaction Models
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Concept of the model Poisson’s ratio Linear wave

Asymmetric spring ⚪︎ ×
Higher-order spring ⚪︎ ×

Asymmetric + Higher-order spring ⚪︎ ×
Rest length dependent spring constant × ⚪︎
Stratified spacial distribution of spring × ⚪︎

Density dependent spring constant × ⚪︎
SPH + Spring force ⚪︎ ⚪︎
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Merger & Growth

Remnants that did 
not grow into planets

Collisions of planetesimals Solid planets e.g., The earth
The earth had globally 

melted in the past

©︎NASA

No information about 
the time of formation 

is retained

Asteroids are the only entity that records the 
history of planetary formation
Studying the formation of asteroids through 
collision phenomena would reveal…AsteroidsAsteroids

©︎JAXAE.g., Itokawa (Otter shape)

■ The process of forming solid planets 
■ The evolution of planetary systems

Forming Solid Planets & Asteroids
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Formation of Top-shaped Asteroids
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Verified 
Sugiura+2021

collision 
destruction

Collisions between 
two planetesimals

Formation of 
ejector curtains

fragmentation 
re-accumulation

Formation of 
top-shape?

To be 
studied

▶︎The formation mechanism for top-shaped asteroids is 
not revealed sufficiently. 

▶︎A promising scenario dominated by angular momentum 
is suggested, but has not yet been verified.

Simulations with methods that strictly conserve angular momentum are required.

©︎JAXA

RyuguRyugu

??
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Smoothed Particle Hydrodynamics
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Particle’s quantities

<latexit sha1_base64="WStgJCt/p0Y/+HE6doi34T36EZU="></latexit>

ρi =
∑

j

mjW (|xi − xj |, h)

(for standard SPH)

▶︎Smoothed Particle Hydrodynamics (SPH) 
is a numerical method to describe fluids. 

▶︎Continuous fields of physical quantities are 
discretized in space by super particles.

A real fluid Particle system

■Density

■Other quantities

■ Kernel function <latexit sha1_base64="BZnr45/hpWGBymflFsozF6Ki388=">AAACFHicbVBNS8NAEN3U7/hV9ehlMQgtSElEqseCCB4V7Ac0pWw2k3Z1kw27m2IJ+Q+eBP0t3sSrd3+KN7e1B7U+GHi8N8PMvCDlTGnX/bBKC4tLyyura/b6xubWdnlnt6VEJik0qeBCdgKigLMEmpppDp1UAokDDu3g7nzit0cgFRPJjR6n0IvJIGERo0QbqdWuyKNhtV923Jo7BZ4n3ow4aIarfvnTDwXNYkg05USpruemupcTqRnlUNh+piAl9I4MoGtoQmJQvXx6bYEPjRLiSEhTicZT9edETmKlxnFgOmOih+qvNxH/87qZjs56OUvSTENCvxdFGcda4MnrOGQSqOZjQwiVzNyK6ZBIQrUJyLb9ECJ/BNTxcj8OxH3uB4KHkzXYr+SOV/jVorBNVt7fZOZJ67jm1Wv16xOncTFLbRXtowNUQR46RQ10ia5QE1F0ix7QE3q2Hq0X69V6+24tWbOZPfQL1vsXtJWdBw==</latexit>

W (r, h)

<latexit sha1_base64="n3+4wiiJIfoN1tc0OXH2MAqmVxM="></latexit>

W (−r, h) = −W (r, h)

<latexit sha1_base64="sBWqys/58R52DnIn6j4hRd43BRk="></latexit>

lim
r→∞

W (r, h) = 0

<latexit sha1_base64="MLRZdV7a6h5CcsljlRup4TQMBtI="></latexit>∫ ∞

0
dr 4πr2 W (r, h) = 1

<latexit sha1_base64="4Ss9uA8LphZRJcZswxCLeSLtavI="></latexit>

fi =

∫
dV f(x)W (|x− xi|, h)

<latexit sha1_base64="bypT883QaILyueTY6/JT5N2wO8Y=">AAACD3icbVBNS8NAEN34WeNX1aOXxSDopSQi1aMggscWrBaaIJvNpC5usmF3I5aQX+BJ0N/iTbz6E/wp3ty0OWjrg4HHezPMzAszzpR23S9rbn5hcWm5sWKvrq1vbDa3tq+VyCWFHhVcyH5IFHCWQk8zzaGfSSBJyOEmvD+v/JsHkIqJ9EqPMggSMkxZzCjRRurK26bjttwx8CzxauKgGp3b5rcfCZonkGrKiVIDz810UBCpGeVQ2n6uICP0ngxhYGhKElBBMT60xPtGiXAspKlU47H6e6IgiVKjJDSdCdF3atqrxP+8Qa7j06BgaZZrSOlkUZxzrAWuvsYRk0A1HxlCqGTmVkzviCRUm2xs248g9h+AOl7hJ6F4LPxQ8Khag/2DwvFK/7AsbZOVN53MLLk+anntVrt77Jxd1Kk10C7aQwfIQyfoDF2iDuohigA9oRf0aj1bb9a79TFpnbPqmR30B9bnD+egm5k=</latexit>

r

Particle’s 
mass:

<latexit sha1_base64="BKzVV/RV74sGc9ewO3ZlwVxRSVM=">AAAB6nicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rEggseK9gPapWTTbBubZJckK5SlP8GLB0W8+ou8+W9M2z1o64OBx3szzMwLE8GN9bxvtLK6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wj66nfemLa8Fg92HHCAkkGikecEuuke9l77JXKXsWbAS8TPydlyFHvlb66/ZimkilLBTGm43uJDTKiLaeCTYrd1LCE0BEZsI6jikhmgmx26gSfOqWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnv6N+1wzasXYEUI1d7diOiSaUOvSKboQ/MWXl0nzvOJXK9W7i3LtJo+jAMdwAmfgwyXU4Bbq0AAKA3iGV3hDAr2gd/Qxb11B+cwR/AH6/AFVy43c</latexit>

mj

Smoothing 
length:

<latexit sha1_base64="2GnIgp2nq81s3nATocmaHK/YrzI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgQwWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUGPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrX7vI4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MH0nKM+g==</latexit>

h



S h u s u k e  U t s u m i 23Sep. 17, 2025; EANAM10

Basic Equations for SPH
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<latexit sha1_base64="76u7qrfEpRmfRtuQbNNniQG47gA="></latexit>

du

dt
= −P

ρ

∂

∂xα
vα

<latexit sha1_base64="HIJj8a9/v4CgKplKNBcoTnoJjiI="></latexit>

dvα

dt
= −1

ρ

∂P

∂xα

<latexit sha1_base64="MqODUP5MGB63YWNObYy6K38S0YM="></latexit>

dρ

dt
= −ρ

∂

∂xα
vα

<latexit sha1_base64="lrYIv8KzhYb6F0bB2K1uIbShl8I="></latexit>

mi
dẋi

dt
= −

∑

j

[
PVp

2
]
ij

∂

∂xi
W (|xi − xj |, h)

Continuity: Motion: Energy:

Equations for continuous field

<latexit sha1_base64="i9acKeXOy5QwMD6wdV9qZn1pUw8="></latexit>

Vp,i =
mi

ρi
<latexit sha1_base64="f9pAsk7mPPZ1QbnmYYuEkRRathU="></latexit>

mi
dui

dt
=

1

2

∑

j

[
PVp

2
]
ij
(ẋi − ẋj) ·

∂

∂xi
W (|xi − xj |, h)

Discretize in space

For standard SPH:

Equations for SPH

<latexit sha1_base64="4ZQo0aAWi+2ISkjzdFpRy+jj2H0="></latexit>

[
PVp

2
]
ij
= mimj

(
Pi

ρi2
+

Pj

ρj2

)

Particle’s quantities

<latexit sha1_base64="WStgJCt/p0Y/+HE6doi34T36EZU="></latexit>

ρi =
∑

j

mjW (|xi − xj |, h)

(for standard SPH)■Density

■Other quantities

■ Kernel function

<latexit sha1_base64="n3+4wiiJIfoN1tc0OXH2MAqmVxM="></latexit>

W (−r, h) = −W (r, h)

<latexit sha1_base64="sBWqys/58R52DnIn6j4hRd43BRk="></latexit>

lim
r→∞

W (r, h) = 0

<latexit sha1_base64="MLRZdV7a6h5CcsljlRup4TQMBtI="></latexit>∫ ∞

0
dr 4πr2 W (r, h) = 1

<latexit sha1_base64="4Ss9uA8LphZRJcZswxCLeSLtavI="></latexit>

fi =

∫
dV f(x)W (|x− xi|, h)
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Linear Isotropic Elasticity
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▶︎We assume linear isotropic materials.

□ Linear relation between stress & strain 
□ Isotropic properties of material

S
tre

ss
 [M

Pa
]

200

150

100

50

0

Strain %
0.3 0.6 0.9 1.2 1.5

Linear 
relation

Fracture

Jiaxing+ 2023

Stress-Strain Curve for Basalt

We shall make sure the various Poisson’s ratios of our elasicity model.

e.g. Donze+ 1995; Nayfeh+ 1978

▶︎Arbitrary linear isotropic elastic bodies 
are characterized by two parameters: 
Poisson’s ratio & Young’s modulus.

Existing central force models cannot accomplish 
Poisson’s ratio grater than 1/4.
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Tensile Test & Elastic Parameters
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▶︎Tensile test is to measure Poisson’s ratio & Young’s modulus.

Poisson’s ratio: Young’s modulus:
Elastic parameters for linear isotropic material

x

y

Stretch along 
the x-axis

Lx

Ly

Cross 
section: Sx

fx−fx

Lx + Δx

Ly + Δy

Before deformation After deformation

<latexit sha1_base64="l9oJg855lte6ZYqinkuOQb8IuNs="></latexit>

(Strain perpendicular to tensile axis)

(Strain parallel to tensile axis)
= −∆y/Ly

∆x/Lx

<latexit sha1_base64="ph92peMwneUsPwDs7wTeZTKpUVQ="></latexit>

(Stress parallel to tensile axis)

(Strain parallel to tensile axis)
= − fx/Sx

∆x/Lx
[Pa]
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Tensile Test: Setups
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▶︎ Stretch material along x-axis, measure Δx, Δy, and derive Poisson’s ratio 
& Young’s modulus

Fix to 
the wall

L
L

L + Δx

L
+

Δ
y

f

x

y

3-D calculation

Parallelization: FDPS
Iwasawa+ 2016, Namekata+ 2018

Before

After

Number of particles

Density

Side length

Stretch length

Spring-to-SPH ratio

SPH bulk sound speed

105

1 kg m−3

1 m
0.01 m

10−2 − 102

1 m s−1
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Tensile Test: Setups
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▶︎ Stretch material along x-axis, measure Δx, Δy, and derive Poisson’s ratio 
& Young’s modulus

Parallelization: FDPS
Iwasawa+ 2016, Namekata+ 2018

Number of particles

Density

Side length

Stretch length

Spring-to-SPH ratio

SPH bulk sound speed

105

1 kg m−3

1 m
0.01 m

10−2 − 102

1 m s−1

Example of exaggerated tensile

Fix

Stretch

xz
y
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Rotating Sphere: Setups
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x
z y

▶︎Rotate a sphere material to see how our method conserves angular 
momentum.

Number of particles

Density

Side length

Bulk modulus

Shear modulus

Angular velocity

104

27 kg m−3

0.5 m
75.5 GPa
26.1 GPa

104 s−1

■ Initial conditions for aluminium

Set initial velocities for 
rigid body rotation

<latexit sha1_base64="6qeWomoPHHtDhRH+/DGHaa/rAtY=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVRKRKoJQEMFlBfuAJpTJZNIOnWTCzKRQQv7Fjb/ixoVS3LjwX5y0WfThgWEO59zLvfd4MaNSWdaPUdrY3NreKe9W9vYPDo/M45O25InApIU546LrIUkYjUhLUcVINxYEhR4jHW/0kPudMRGS8uhFTWLihmgQ0YBipLTUN+8cjzNfTkL9peMM3sNFQWTQUTQkckl1eEgGKOubVatmzQDXiV2QKijQ7JtTx+c4CUmkMENS9mwrVm6KhKKYkaziJJLECI/QgPQ0jZAe7KazGzN4oRUfBlzoFyk4Uxc7UhTKfD9dGSI1lKteLv7n9RIV3LopjeJEkQjPBwUJg4rDPDDoU0GwYhNNEBZU7wrxEAmElY61okOwV09eJ+2rml2v1Z+vq43HIo4yOAPn4BLY4AY0wBNoghbA4BW8g0/wZbwZH8bU+J6Xloyi5xQswfj9A5+apiY=</latexit>

v = r × ω

ω
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Rotating Sphere: Results
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x
z y

Final angular momentum error: 
Lx,init − Lx,final

Lx,init
∼ 0.0001 %

Our method is indeed capable of 
conserving angular momentum.

Average computational time per step: 
2.37e-02 sec

For existing method: 1.80e-01 sec

7.6 times faster!

ω
Color: initial x position
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Volcanic Eruption & Diastrophism
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▶︎Volcanic eruptions are caused by uplifting magma by buoyancy. 
▶︎Rising magma causes diastrophism by pushing the ground.

Numerical calculation with our method would predict volcanic eruptions.

Uplifting Magma

Crater ① Measure the distribution of diastrophism 
② Forecast the distribution of underground magma 
③ Estimate the time to erupt and the magnitude

Time scale: ~day

Displacement: 
~cm

Depth: ~km

A Method to Predict Eruptions

A fast numerical method to solve the behavior 
of two objects, magma and rock is required.

Diastrophism
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Seismic Activity Caused by Faulting
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▶︎Seismic activity in general is caused by faulting in the subsurface.  
▶︎However, the most previous studies  

assumed a point epicenter.

SeaSea

EpicenterEpicenter

Primary wave 
(longuitudinal)
Primary wave 

(longuitudinal)

Secondary wave 
(transverse)

Secondary wave 
(transverse) ~1

00
 k

m
~1

00
 k

m

Faulting

Simulating faulting with existing 
methods becomes challenging due to 
the significant deformation, which 
leads to insufficient understanding.

~100 km

Our method enables consistent simulations without assuming a point epicenter.

Time scale: ~min
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Practical Solutions to Real Problems
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▶︎Pouring particles into geometrically narrow/thin regions 
▶︎Using particles of non-uniform mass

▶︎With low resolution axis, the accuracy of the Poisson ratio deteriorates
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Model Parameters & Poisson’s Ratio
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σ =
1
2 (1 −

1
1/3 + K/μ )

σik = Kδikull + 2μ (uik −
1
3

δikull)
応力テンソル

：体積弾性率， ：剪断弾性率K μ

 で，最大値  になるK → ∞ 1/2

Poisson比 Poisson比  

 → 微小変形で体積一定 

 → 非圧縮（流体と同じ挙動）

1/2
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Elastic Dynamics: Strain Tensor
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◆ 弾性体力学：物質の変形を記述

歪みベクトル：変形による構成粒子の変位 歪みテンソル：

構成粒子

変形
x(X, t) = X + u(X, t)

X
u(X, t)：歪みベクトル

位置：X
時刻：t

ϵαβ =
1
2 ( ∂uα

∂xβ
+

∂uβ

∂xα )

歪みの変化率から剛体回転を抜い
たもの

剛体回転の寄与は自動で消える

全体を見た場合：
E.g. 棒の曲げ u

前 後
歪み速度テンソル：

·ϵαβ =
1
2 ( ∂vα

∂xβ
+

∂vβ

∂xα )
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Elastic Dynamics: Constitutive Eq.
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◆ 構成則：物質固有の力学特性を表現
応力 歪み

一般の弾性体

σαβ = Cαβ(ϵ)

自由度：無限

線形弾性体 等方弾性体

σαβ = Cαβγδϵγδ 等方的な関係式
Hookの法則

特徴的方向なし自由度：21
自由度：2

σαβ = Cαβ(ϵ) ■Poisson比 
■Young率

２個の弾性パラメータ：任意関数：Cαβ

自由度：無限

線形等方弾性体の再現には，２個のパラメータを持つ弾性体モデルが必要
Poisson比＆Young率

：歪みを引数にもつ関数Cαβ

ϵαβ =
1
2 ( ∂uα

∂xβ
+

∂uβ

∂xα )
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Elastic Dynamics: Covariance
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◆ 客観性の原理：物質の特徴は，観測する系に依らない

→剛体並進や剛体回転に対して，物質静止系から見れば不変である．

座標変換：x′￼ = c(t) + Q(t)x 直交行列：Q−1 = QT

Jaumannの応力速度

◆ 客観性を満たすように再定義

·σ[J] = ·σ − Rσ + σR

v
＠実験室系 ＠静止系

ω

v = 0

硬い箱が変形なし
で飛んでいる

静止系で見ても
当然変形なし


