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Research Background | Cocoon Structure in the Collapsar Model
Black Hole

Relativistic Jet

Lorentz Factor  ~100γ

Outer Layers

Gamma-Ray

ISM

Radio

Optical
X-Ray

This Study: Does High-Temperature, 
High-Density Gas Like the Outer 
Cocoon Behave as a Jet?

Collisions of relativistic jets create an 
outer cocoon of high-temperature, high-
density gas.

Its subsequent dynamical evolution is still 
largely unexplored.
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Figure 4. Mass density in g cm−3 (top), pressure in dyn cm−2/c2 (middle),
and Lorentz factor (bottom) contours of the model Γ0 = 5 at t = 4.5 s (model
G5.0). Note that the aspect ratio of z and r is not unity in order to enhance the
fine structures in the jet and the cocoon. The white dashed line in the Lorentz
factor contour indicates the initial stellar surface.
(A color version of this figure is available in the online journal.)

mass density increase across this discontinuity, it is the shock
surface. The shock deflects the velocity vector almost toward the
jet axis and is the so-called collimation shock. The collimation
shock is produced by the interaction between the expanding
jet and the high pressure cocoon (Komissarov & Falle 1997,
1998; Bromberg & Levinson 2009; Bromberg et al. 2011). To
distinguish it from the other collimating oblique shocks in the
jet, we sometimes call it the first collimation shock. See the
schematic in Figure 3.

As shown in Figure 4, after the first collimation shock, the jet
maintains an overall cylindrical shape (Bromberg et al. 2011).
The Lorentz factor increases to a few tens and then drops to
∼ Γ0, i.e., the initial Lorentz factor, after the first collimation
shock; see Equation (20). The Lorentz factor after the first
collimation shock remains constant with time on average,
although the pressure in the cocoon gradually decreases with
time since the timescale for the cocoon to change is much
longer than that for the jet to cross the cylindrical region.
Figure 5(c) shows the one-dimensional Lorentz factor profile
along the z-axis.
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Figure 5. (a) One-dimensional pressure profiles at r = 1.8 × 109 cm and
t = 3, 4.5 s and at r = 5 × 109 cm and t = 6.4 s for model G5.0. The profile
shows the cocoon region. The shocked ambient gas appears as a thin shell at the
jet head. The pressure profile is almost homogeneous before the jet breakout
(t = 3 s). When the jet breakout occurs at t = 4.5 s, a pressure gradient can be
seen around the jet head. After the jet breakout at t ! 6.4 s, the pressure profile
in the outer cocoon is about p ∝ z−4. (b) Same as (a) but only for t = 4.5, 6 s,
and the horizontal axis is z − zshift to show the pressure profiles measured
from the off-center origin at zshift, which determines the evolution of the jet
expanding from off-center around ∼ zshift for each time (zshift = 2.5 × 109 cm
for t = 4.5 s and zshift = 4 × 1010 cm for t = 6.4 s). A pressure gradient can
be seen around the jet head at the time of the jet breakout (t = 4.5 s) and after
the jet breakout (t = 6.4 s). (c) One-dimensional Lorentz factor profile along
the z-axis at t = 3, 4.5, and 6.4 s for model G5.0.
(A color version of this figure is available in the online journal.)
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Schem
atic

description
of

the
jet

geom
etry

in
the

tw
o

collim
ation

regim
es.

L
eft:

a
collim

ated
jet;

center:
an

uncollim
ated

jet.
In

both
panels,

the
basic

ingredients
of

the
m

odelare
evident:the

jet(divided
into

a
shocked

and
unshocked

part),the
jet’s

head,the
cocoon,and

the
am

bientm
edium

.A
lso

show
n

are
the

collim
ation

shock
and

the
contactdiscontinuity.T

he
collim

ation
shock

splits
the

jetto
an

unshocked
region

and
a

shocked
region.T

he
contactdiscontinuity

separates
the

jet
m

aterial
that

enters
the

head
from

the
am

bient
m

edium
.T

his
discontinuity

extends
to

the
cocoon

and
divides

it
to

an
inner

and
an

outer
part.T

he
cocoon

expands
into

the
am

bientm
edium

behind
a

shock
thatextends

the
forw

ard
shock

atthe
head.A

llshocks
are

m
arked

w
ith

dashed
lines

and
the

contactdiscontinuities
w

ith
solid

lines.R
ight:a

closeup
ofthe

jet’s
head

and
the

contactdiscontinuity.T
he

m
atterflow

s
into

the
head

through
a

forw
ard

and
a

reverse
shock,and

from
there

to
the

cocoon
as

illustrated
by

the
fourarrow

s.

atsom
e

altitude,above
w

hich
the

collim
ation

is
com

plete
(see

Section
3.1).

T
he

geom
etry

of
the

collim
ation

shock
sets

the
jet’s

cross-section
atthe

head
to

be
m

uch
sm

allerthan
the

cross-
section

of
an

uncollim
ated

jet.
C

onsequently,
the

jet
applies

a
larger

ram
pressure

on
the

head
and

pushes
it

to
higher

velocities.
T

he
faster

m
otion

reduces
the

rate
of

energy
flow

into
the

cocoon.A
tthe

sam
e

tim
e

the
cocoon’s

heightincreases
at

a
faster

rate,resulting
in

a
larger

volum
e

and
a

decrease
in

the
cocoon’spressure.T

here
isa

lim
itto

the
head

velocity
above

w
hich

the
cocoon’s

pressure
is

too
low

to
effectively

collim
ate

the
jet.

W
e

show
that

this
occurs

w
hen

L
j /(z

2ρ
a c

3)≃
θ

5
/3

0
,

corresponding
to

a
head’s

L
orentz

factorΓ
h

≃
θ

−
1
/3

0
.T

herefore
fortypicalinitialopening

angles
θ

0
>

1
◦,the

head
velocities

in
the

collim
ated

regim
e

can
be

atm
ostm

ildly
relativistic.

T
he

uncollim
ated

regim
e

is
characterized

by
larger

values
ofΓ

h
and

a
cocoon

pressure
w

hich
is

insufficient
to

collim
ate

the
jet

in
an

appreciable
am

ount.
T

he
jet

rem
ains

conical
to

a
good

approxim
ation

and
the

collim
ation

shock
rem

ains
at

the
edges

of
the

jet
and

does
not

converge
onto

the
jet’s

axis.
T

his
results

in
a

coaxialjetstructure
com

posed
of

an
inner

fast
spine

surrounded
by

a
denser

layer
of

the
shocked

jetm
aterial,

having
a

low
er

L
orentz

factor
(Figure

1,
left

panel).
W

hen
Γ

h
>

θ
−

1
0

,
the

head
m

oves
so

fast
that

different
parts

of
the

jet’s
head

becom
e

causally
disconnected

and
energy

can
flow

into
the

cocoon
only

from
a

sm
allregion

ofthe
head.T

hisfurther
reducesthe

cocoon’spressure.A
teven

largerL
orentz

factorsthe
reverse

shock
atthe

head
becom

esw
eak,and

itno
longeraffects

the
jet,

w
hich

can
be

considered
as

propagating
in

a
vacuum

.
T

he
forw

ard
shock

continues,
how

ever,
to

gather
m

atter
from

the
am

bientm
edium

in
frontofthe

jetand
to

accelerates
itto

a
L

orentz
factor

sim
ilar

to
thatof

the
jet.A

sm
allfraction

of
this

shocked
m

atter
continues

to
stream

into
the

cocoon
and

feeds
w

ith
relativistic

particles.
Follow

ing
the

above
description,w

e
divide

the
system

into
five

m
ain

elem
ents

(see
Figure

1):
unshocked

jet,
shocked

jet
(separated

by
the

collim
ation

shock),
jet’s

head,
cocoon

(containing
an

inner
light

part
and

an
outer

heavy
part),

and

am
bientm

edium
.T

he
system

dynam
ics

are
determ

ined
by

the
follow

ing
relations

betw
een

these
region.

(1)
T

he
jet’s

head
velocity

is
set

by
balancing

the
ram

pressure
applied

on
the

forw
ard

shock
(by

the
am

bientm
edium

)
w

ith
the

ram
pressure

applied
on

the
reverse

shocks
(by

the
shocked

or
unshocked

jet,
depending

on
the

collim
ation

regim
e).

T
he

head
velocity

determ
ines

the
cocoon

heightand
the

energy
injection

rate
into

it.T
he

jethead
has

the
highestpressure

in
the

system
.(2)

T
he

pressure
in

the
cocoon

is
set

by
its

size
and

by
the

energy
injected

into
it

from
the

head.
(3)

T
he

velocity
of

the
shock,

w
hich

inflates
the

cocoon
into

the
am

bient
m

edium
,

is
set

by
the

balance
betw

een
the

ram
pressure

of
the

am
bient

m
edium

on
thatshock

and
the

cocoon
pressure.(4)

T
he

pressure
in

the
shocked

jet
is

equal
to

the
cocoon

pressure.
T

he
collim

ation
shock

structure
is

set
to

build
up

this
pressure

in
the

jet.T
his

structure,in
turn,determ

ines
the

jethead
cross-section

and
thus

the
ram

pressure
applied

on
the

reverse
shock.(5)T

he
unshocked

jetproperties
are

determ
ined

by
the

innerengine.

3.T
H

E
JE

T
–C

O
C

O
O

N
M

O
D

E
L

O
urm

odelcontains
the

five
elem

ents
discussed

above,w
here

the
am

bient
m

edium
serves

as
a

fixed
background.

G
iven

a
jet

w
ith

a
lum

inosity
L

j ,an
injection

angle,
θ

0 ,and
a

m
edium

density
profile,

ρ
a (z),w

e
calculate

the
tim

e-dependentquanti-
ties:

the
head

velocity,
β

h
(predom

inantly
in

the
z-direction),

the
cocoon’s

pressure,
P

c ,
the

cocoon
expansion

velocity,
β

c

(predom
inantly

in
the

r-direction),
and

the
jet’s

cross-section
Σ

j .W
e

use
the

subindices
j
,
h
,
c,

a
to

designate
quantities

re-
lated

to
the

jet,
the

jet’s
head,

the
cocoon,

and
the

am
bient

m
edium

,respectively.T
he

distinction
betw

een
the

shocked
and

unshocked
jetis

relevantonly
in

the
collim

ated
regim

e,and
w

e
use

it
w

hen
w

e
discuss

this
regim

e.T
he

subindex
j

is
used

to
describe

general
properties

of
the

jet
(like

the
jet

dim
ensions)

and
w

hen
itis

unim
portantw

hich
ofthe

tw
o

region
(shocked

or
unshocked

jet)is
considered,e.g.,the

jetlum
inosity

is
equalin

the
tw

o
regions

and
is

denoted
as

L
j .

3

Cocoon Structure



Kanta KitajimaSep. 19, 2025 /153

Outline
First  Half— Special Relativistic Smoothed Particle Hydrorynamics

Second Half  — Simulation of High-Speed Jet into Vacuum

Riemann Solver
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Various Numerical Hydrodynamics Methods
Due to limited computational resources, fluid calculations must be discretized.
Discretization is broadly classified into grid-based methods and particle-based methods.

Divides Space into a Grid and 
Computes Interactions Between 
Grid Cells
e.g., Finite Volume Method

Real Fluids

Grid-Based Method Particle-Based Method

Discretization

Divides Fluid into Particles and 
Computes Their Trajectories
e.g., SPH
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Fundamental Concept of Smoothed Particle Hydrodynamics Method

Definition of Physical Quantities Carried 
by SPH Particles
Number Density @ Lab Frame

Physical Quantities Other ThanNi := N(xi) =
X

j

⌫jW (xi � xj , h)

<latexit sha1_base64="myS/bdoeNLSgAnfzz/grl31QfoM="></latexit>

Definition of a Field
Specific Volume @ Lab Frame W (x, h) =

✓
1

h
p
⇡

◆d

exp

✓
� |x|2

h2

◆

<latexit sha1_base64="0anXs4TS0ZmNIk0XOYpYX1rEqoU="></latexit>

: Number of Spatial Dimensionsd

<latexit sha1_base64="ZcEg26vycUxjS4Z835ahI1Ki58A="></latexit>

: Smoothing Length

(Set to Approximately the Mean 
Particle Spacing)

Ni := N(xi) =
X

j

⌫jW (xi � xj , h)

<latexit sha1_base64="myS/bdoeNLSgAnfzz/grl31QfoM="></latexit>

Kernel Function
<latexit sha1_base64="mCkjLneGKun6bi+4zXqThsbufLw="></latexit>

Vp(x) :=

2

4
X

j

W (x� xj , h(x))

3

5
�1

<latexit sha1_base64="H5NyHvPnIf96gCTlyPo1FfbN7rM="></latexit>

Ni := N(xi) = ⌫(xi)V
�1
p (xi)

: Baryon Number Field
<latexit sha1_base64="DWa/GGd6XrT1c2kIW+VVoGm0WzQ="></latexit>

⌫(x)

<latexit sha1_base64="eRVyadxQ7vaUqt9WHQ5ohAUm/kc="></latexit>

⌫ifi :=

Z
⌫(x)f(x)W (x� xi, h(x))dx
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Special Relativistic Godunov SPH Method | Basic Equations

{

<latexit sha1_base64="43bjL/w7sTzd1o35ZjGRgCtgfTo="></latexit>

Riemann Solver

d

dt
:= @t + v ·r

<latexit sha1_base64="XPRwMvZwGIoLl+CzHNdjahNNLC0="></latexit>

<latexit sha1_base64="Vd36Y1+jErjBbpNwb9+3s7OeBIo="></latexit>

@t(�⇢) = �@i(�⇢v
i)

@t

�
�⇢S

i
�
= �@j

�
�⇢S

i
v
j + P �

ij
�

@t (�⇢e) = �@i

⇥
�⇢v

i (�H)
⇤{

<latexit sha1_base64="43bjL/w7sTzd1o35ZjGRgCtgfTo="></latexit>

Eulerian Description

{

<latexit sha1_base64="43bjL/w7sTzd1o35ZjGRgCtgfTo="></latexit>

Lagrangian Description

Basic Equations of the Special 
Relativistic Godunov SPH Method 

[KK, Inutsuka, Seno revised]

Convolution Integral 
Using Kernel Function

<latexit sha1_base64="wCeT0Hv+Ec7UOZyEotbrbK+nRfA="></latexit>

dNm

dt
= �Nmr · v

dS

dt
= � 1

Nm
rP

de

dt
= � 1

Nm
r · (Pv)

<latexit sha1_base64="kkGTajVijMj2cjxTsodoa1u+2iE="></latexit>

Ni =
X

j

⌫iW (xi � xj , h(xi))

⌫iṠi = �
X

j

P ⇤
ijV

2
ijFij

⌫iėi = �
X

j

P ⇤
ijv

⇤
ij · Fij

<latexit sha1_base64="RDxkF/iNLc1G8vTszUJbrbyZ464="></latexit>

Fij := 2V 2
ij(h)riW

⇣
xi � xj ,

p
2h
⌘

V 2
ij(h) :=

Z
1

N2(x)

 p
2

h
p
⇡

!d

⇥ exp

"
� 2

h2

✓
x� xi + xj

2

◆2
#
dx
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Overview | Special Relativistic Riemann Problem

Riemann Problem Applications: 
 Numerical Computation 
 → Godunov Method 
 Test Calculations

Example Spacetime Diagram
Remove Separation

ShockRarefaction

Contact 
Discontinuity

Test Calculation Result

Compared with analytical solution  
→ high accuracy
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Outline

Second Half  — Simulation of High-Speed Jet into Vacuum
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Acceleration Mechanisms

<latexit sha1_base64="gohZqoCkUxvO4TnCWPITcEBcXWM="></latexit>

v⇤<latexit sha1_base64="Wea8ehd3Mz0gyCwuq/OJBu0tu1c="></latexit>

vL = 0

<latexit sha1_base64="gohZqoCkUxvO4TnCWPITcEBcXWM="></latexit>

v⇤<latexit sha1_base64="gohZqoCkUxvO4TnCWPITcEBcXWM="></latexit>

v⇤<latexit sha1_base64="Wea8ehd3Mz0gyCwuq/OJBu0tu1c="></latexit>

vL = 0

Similar to Acceleration by Pulling a Piston

Unsteady Acceleration

— Shock Tube Problem

Steady Acceleration — De Laval Nozzle

Pérez-Roca et al. (2019)Pérez-Roca et al. (2019)

Transsonic Point

At The Throat
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In both cases, maximum acceleration 
occurs when expanded to vacuum.

<latexit sha1_base64="Wea8ehd3Mz0gyCwuq/OJBu0tu1c="></latexit>

vL = 0

<latexit sha1_base64="sgfv5Fkz63Qrpx5ulayrcuRkKEE="></latexit>

v⇤max <latexit sha1_base64="Knbq9fS0vV+isAB1EcN5oiFw6eU="></latexit>vacuum

<latexit sha1_base64="T5KynvUvWq0Ta83MoYVfRkpqiBE="></latexit>

v > v⇤max

The Lorentz factor after acceleration 
is higher in the shock tube than in the 
De Laval nozzle.

Maximum Velocity is Achieved When 
Expanding into a Vacuum

“Acceleration Limit” in the 1D Shock Tube Steady Acceleration — De Laval Nozzle
Maximum Velocity When All Thermal 
Energy Is Converted into Kinetic Energy

Hot ColdHot Cold

Comparison of Maximum Acceleration
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Challenges of Vacuum Computation in Numerical Simulations

In both cases, 
handling"vacuum" is 
essential to achieve 
maximum acceleration.

Discretization

Real FluidsTypes of Numerical Fluid Dynamics Methods

Advantageous 
Method for 
Handling 
Vacuum

Unsuitable 
for Handling 
Vacuum

Grid-Based Method Particle-Based Method

Analysis Based on the SPH Method

Acceleration Limit Derived 
from the 1D Shock Tube

<latexit sha1_base64="Wea8ehd3Mz0gyCwuq/OJBu0tu1c="></latexit>

vL = 0

<latexit sha1_base64="sgfv5Fkz63Qrpx5ulayrcuRkKEE="></latexit>

v⇤max <latexit sha1_base64="Knbq9fS0vV+isAB1EcN5oiFw6eU="></latexit>vacuum

<latexit sha1_base64="T5KynvUvWq0Ta83MoYVfRkpqiBE="></latexit>

v > v⇤max

Acceleration Limit Derived 
from Bernoulli’s Theorem

Hot Cold
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Challenges of Vacuum Computation in Numerical Simulations

Discretization

Real FluidsTypes of Numerical Fluid Dynamics Methods

Advantageous 
Method for 
Handling 
Vacuum

Unsuitable 
for Handling 
Vacuum

Grid-Based Method Particle-Based Method

Analysis Based on the SPH Method

Zhang+ 2020

Even the Non-Relativistic 
Case Is Not Properly 
Computed

Unexpected Deceleration… 

Non-Relativistic Case

In both cases, 
handling"vacuum" is 
essential to achieve 
maximum acceleration.

Acceleration Limit Derived 
from the 1D Shock Tube

<latexit sha1_base64="Wea8ehd3Mz0gyCwuq/OJBu0tu1c="></latexit>

vL = 0

<latexit sha1_base64="sgfv5Fkz63Qrpx5ulayrcuRkKEE="></latexit>

v⇤max <latexit sha1_base64="Knbq9fS0vV+isAB1EcN5oiFw6eU="></latexit>vacuum

<latexit sha1_base64="T5KynvUvWq0Ta83MoYVfRkpqiBE="></latexit>

v > v⇤max

Acceleration Limit Derived 
from Bernoulli’s Theorem

Hot Cold
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Simulation Conditions

…

…

…

…

…

Thermal Bath
Vacuum

<latexit sha1_base64="1iXb/rIroMAaeR2rJLyXOddIles="></latexit>

H =
11

6

Assuming gas falls to the Schwarzschild radius 
 and all gravitational potential energy is 

converted into thermal energy
rs

<latexit sha1_base64="T79YQaha226gK1CNYLGBo5UTMBE="></latexit>

GMm
rs

mc2
=

1

2
=

u

c2

<latexit sha1_base64="LiCgDWqTvOgtV1me2LlO4dccA2Q="></latexit>)

<latexit sha1_base64="YNfV4i7pXiTfUm1EIRZRNqAqw2E="></latexit>

rs :=
2GM

c2

<latexit sha1_base64="Ya+0F709LBLgYDoqn315awGYRPY="></latexit>

P = (� � 1)⇢u

<latexit sha1_base64="pd3shCzTVfriIWOZXKJO+6E74j4="></latexit>

H := 1 +
u

c2
+

P

⇢c2

Simulation Model Initial Conditions (2D Simulation)

<latexit sha1_base64="OAL0lL8wqp9We+spGcWYJ9o+yvI="></latexit>

vini = 0

Hini =
11

6

Method: SRGSPH [KK, Inutsuka, Seno revised]


Parallelization: FDPS [Iwasawa+ 2016; Namekata+ 2018]

Sound Speed


Steady-State Limit


1D Shock Tube Limit
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{
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M = 1 , �th ⇡ 1.15
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�Ber,max = Hini = 11/6
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�st,max ⇡ 3.78

SPH particles 
(~100,000)

Black Hole

High-Temperature, 
High-Density Gas

Relativistic Jet
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Result

Initially Ejected Gas:  
Accelerates to the 1D Shock Tube Limit 

Subsequent Gas: 
Accelerates to the Bernoulli LimitIn Steady-State, M = 1 at the Opening
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Summary
Relativistic SPH

Relativistic Jet

Riemann Solver

High-Temperature, High-Density Gas 

Like a Cocoon Behaves as a Jet!

Jets into Vacuum Can Be Understood 
Through Shock Tube Acceleration 
and Steady-State Acceleration.

We propose a new SPH method based 

on convolution-integral discretization 

and the use of a Riemann solver.
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Appendix
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Future Prospects | Dependence on Initial Specific Enthalpy
Compute for  and compare with the previous 

case ( ) at a higher temperature.

Hini = 3
Hini = 11/6

Resolution   Low                                                  　                                              Hight

In this case, 1D Shock Tube Lim. = 26.5

~100,000 Particles

Future Plans: Perform Simulations with 
Significantly Higher Resolution

By the way…
γ = 10 → 99.5% of the Speed of Light
γ = 26.5 → 99.93% of the Speed of Light

~200,000 Particles ~600,000 Particles
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2D vs 3D
2D 3D
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Finite Volume Methods and the Difficulty of Vacuum Expansion

Zhang+ 2020

Even the Non-Relativistic 
Case Is Not Properly 
Computed

Unexpected Deceleration… 

Non-Relativistic Case

Extremely low floor 
values below 10-13 

are necessary for 
accurate acceleration 
calculations.

Low floor values can 
lead to strong shocks, 
which in turn cause 
numerical instability.

Low Floor

Strong 
Shock
Strong 
Shock

What prevents grid-based 
methods from calculating 
accurate acceleration?

The SPH method can easily 
describe vacuum regions 
by simply not placing 
particles there, so such 
difficulties do not arise.
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Comparison with Standard SPH

Inutsuka (2002)

Standard Godunov

The Godunov method yields smaller pressure errors at 
the contact discontinuity than the standard method.

Pr
es

su
re

When multiple shock waves occur, 
our Godunov-Type method 
automatically applies an 
appropriate amount of viscosity.

Instabilities can be described 
without the artificial thermal 
conduction.

As a future prospect, these advantages are 
expected to become more significant under 
more complex computational conditions. Unlike standard methods, our method does not 

introduce unphysical thermal conduction when the 
Kelvin–Helmholtz instability develops.


